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--- 
A study i s  made of a new t h e o r e t i c a l  approach f o r - t h e  d e s c r i p t i o n  of 
gas  flows having s t rong  dev ia t ions  from l o c a l  t r a n s l a t i o n a l  equi l ibr ium 
( s u f f i c i e n t  " r a re fac t ion  i n t e r a c t i o n " ) ,  when t h e  Navier-Stokes equat ions 
become inva l id .  The usua l  approach i n  dea l ing  w i t h  the l i m i t a t i o n s  i n  the 
macroscopic desc r ip t ion  i s  t o  consider  t h e  k i n e t i c  l e v e l  of desc r ip t ion ,  
governed by t h e  Boltzmann equation, and perhaps t o  r e l a t e  a k i n e t i c  a n a l y s i s  
t o  higher  approximations i n  t h e  macroscopic l e v e l ,  by the Chapman-Enskog 
procedure. Because of (a) t h e  gene ra l  i n t r a c t a b i l i t y  of t h e  Boltzmann 
equat ion or models of it, and (0)t h e  l i m i t a t i o n  of t h e  Chapman-Enskog 
theory  t o  near - loca l -equi l ibr ium flows, t h e  present  approach cons iders  t he  
development and poss ib l e  u t i l i t y  of a d i r e c t i o n a l  l e v e l  of desc r ip t ion .  
P rope r t i e s  and equat ions on t h e  d i r e c t i o n a l  l e v e l  a r e  obtained by i n t e g r a t ­
i n g  t h e  molecular p r o p e r t i e s  and t h e  Boltzmann equat ion over a l l  magnitudes 
of molecular ve loc i ty .  The r e s u l t i n g  dependen% v a r i a b l e s  ( p r o p e r t i e s  of a 
c l a s s  of molecules) then  depend on space, time, and molecular-veloci ty  
d i r ec t ion ,  but  not magnitude. 
The development on t h e  d i r e c t i o n a l  l e v e l ,  between the k i n e t i c  and 
macroscopic l e v e l s ,  i s  intended t o  e x p l o i t  t h e  s i g n i f i c a n t  d i r e c t i o n a l  
a spec t s  of t r a n s l a t i o n a l  nonequilibrium i n  descr ib ing  t h e  gas  flow i n  
reg ions  of r a p i d  v a r i a t i o n s  of t h e  flow va r i ab le s .  It i s  u s e f u l  t o  con­
s i d e r  a d i r e c t i o n a l  mean f r e e  path,  def ined as t h e  average d i s t ance  
(measured r e l a t i v e  t o  t h e  observer )  t r a v e l l e d  by a molecule, moving i n  a 
designated d i r e c t i o n ,  between c o l l i s i o n s  wi th  o t h e r  molecules. 
p a t h  i s  use fu l  i n  formulat ing a phys ica l ly  i n t u i t i v e  model f o r  
t h e  "gain-term" c o l l i s i o n  i n t e g r a l s  i n  t h e  equat ions of change 
This free 
approximating 
on t h e  
iii 
directional level. The gain-term collision integrals on the directional 
level are replaced by terms that are related to appropriate corresponding 
"loss terms" evaluated at a goint a directional mean free path away and at 
a mean collision time in the past. Several intuitive directional-average 
collision models are proposed for use in the directional-mean-free-path 
approximation. 
Use of the directional-mean-free-pathapproximation leaves the 

equations on the directional level in a form where use of Lagrange's 

expansion for further approximation appears natural. For more than one 

independent variable, generalizations of Lagrange's expansion are needed, 

and simple forms that are directly applicable are derived. A perturbation-

expansion scheme based on these generalizations is also developed. This 

scheme is then applied to the equations in the directional-mean-free-path 

method, to simplify the theory. 

The use of the directional-mean-free-pathmethod is illustrated by 

an outlined application to the problem of steady-flow shock-wave structure 

in a monatomic gas. The main value of the method would be expected to be 

realized only after an extension of the theory to include the effects of 

boundaries, for application to problems that may not be tractable by more 
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This study introduces a new theoretical approach to the description 

of gas flow. This approach may eventually lead to the solution of gas-

dynamic problems not accurately governed by the Navier-Stokes or higher-





The limitations of the Navier-Stokes equations, and of the higher-

order approximations of the macroscopic-moment equations on the continuum 

level (obtained, e.g., by the Chapman-Enskog procedure), are well-known 

in the calculation of gas flows that are too far out of translational 

equilibrium (see, e.g., Grad 1958, 1960, 1963, 1966). The usual approach 

is then to consider the kinetic level of description, either by synthetic 

representations of the velocity distribution function, or by the theory 

of the Boltzmann equation or models of it. An analysis on the kinetic 

level may be related to higher approximations on the macroscopic level, 

as by the Chapman-Enskog procedure. 

Synthetic methods of approximating the velocity distribution function 

are represented by: the bimodal-distribution method of Mott-Smith (1951); 
generalizations of this, including a trimodal distribution function, by 
Krook (1959) (see Anderson and Macomber 1965); the "two-stream" and 
"two-fluid" methods, which are somewhat analogous to the bimodal-distribu­
tion method, by Lees (1959) (see also Liu and Lees 1961) and Glansdorff 
(1961, 1962); and the ellipsoidal-distribution-functionmethod of Holway 
(1965,1967). These approximate methods are of considerable value. 
Some limitations have been discussed by Liepmann, Narasimha, and Chahine 
(1966). 

Models of the Boltzmann equation, in particular the BGK, or Krook-
Welander, model (Bhatnagar, Gross, and Krook 1954; Welander 1954) have 
been useful. Recently a more sophisticated conceptual extension and 
generalization (of the BGK model), the ellipsoidal-statistical model, has 
been presented by Holway (1966). The validity of the BGK model may be 
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l i m i t e d  i n  some problems by: ( a )  i t s  equivalence t o  r ep lac ing  t h e  "gain­
term" c o l l i s i o n  i n t e g r a l  f o r  a given po in t  i n  t h e  flow by an expression 
t h a t  assumes molecules come out of c o l l i s i o n s  i n  equi l ibr ium with t h e  gas 
a t  t h a t  po in t  ( c f .  Liepmann, Narasimha, and Chahine 1962)~o r  ( b )  i t s  
equivalence t o  a "first i t e r a t i o n "  of t h e  Boltzmann equat ion about a 
local-equi l ibr ium v e l o c i t y  d i s t r i b u t i o n  (Gross 1954; a l s o  Rott  1964) .  
I n  s p i t e  of  t h e  p o s s i b l e  l i m i t a t i o n s ,  t h e  BGK model does r e t a i n  many 
important a spec t s  of t h e  Boltzmann equation f o r  a r b i t r a r y  nonequilibrium 
and has been, and w i l l  undoubtedly continue t o  be,  extremely u s e f u l  f o r  
kinet ic- theory i n v e s t i g a t i o n s .  The noted l i m i t a t i o n s  may be  important 
i n  some problems, however. I n  a d d i t i o n ,  t h e  model equations a r e  s t i l l  
highly nonl inear  i n t e g r o - p a r t i a l  d i f f e r e n t i a l  equations and a r e  gene ra l ly  
d i f f i c u l t  t o  dea l  w i t h .  
The main purpose of t h e  present  s tudy,  t h e n ,  i s  t o  i n v e s t i g a t e  a 
new approach on w h a t  may b e  c a l l e d  t h e  " d i r e c t i o n a l  l e v e l  of descr ipt ion."  
The d i r e c t i o n a l  l e v e l  dea l s  with mol.ecular q u a n t i t i e s ,  o r  p r o p e r t i e s  of  
a c l a s s  of molecules, t h a t  have been i n t e g r a t e d  over,  o r  averaged over ,  
a l l  magnitudes of molecular v e l o c i t y ;  the  dependent v a r i a b l e s  then  a l l  
may depend on molecular-velocity d i r e c t i o n ,  as w e l l  as on configuration-
space coordinates and t ime. For each molecular property of i n t e r e s t ,  
t h e  appropriate  equations a r e  developed by one i n t e g r a t i o n  of t h e  
Boltzmann equation (over  a l l  molecular-velocity magnitudes).  The t r e a t ­
ment on t h e  d i r e c t i o n a l  l e v e l  i s  t h e r e f o r e  between t h e  k i n e t i c  l e v e l  
and t h e  macroscopic l e v e l .  
Theore t i ca l  ana lys i s  on t h e  d i r e c t i o n a l  l e v e l  may be more t r a c t a b l e  
than  on t h e  k i n e t i c  l e v e l ,  and may a t  t h e  same time be capable of t r e a t i n g  
s u b s t a n t i a l  t r a n s l a t i o n a l  nonequilibrium i n  gas flows, o r  s u b s t a n t i a l  
" r a r e f a c t i o n  in t e rac t ion . "  Detai led discussions motivat ing t h i s  approach 
a r e  given i n  Chapters I1 and 111. The b a s i s  may be  noted he re :  t h a t  i n  
many problems t h e  t r a n s l a t i o n a l  nonequilibrium i s  e s s e n t i a l l y  a d i r e c t i o n a l  
phenomenon. C las s i c  examples a r e  shock waves and boundary l a y e r s ,  which 
are very t h i n  nonequilibrium regions of r a p i d  t r a n s i t i o n  t o  a loca l ­
t r ans l a t iona l - equ i l ib r ium s t a t e .  I n  those  cases ,  t h e  flow p r o p e r t i e s  
change most r a p i d l y  i n  a d i r e c t i o n  normal t o  t h e  t h i n  region.  I n  
2 
accounting f o r  t h e  s i g n i f i c a n t  d i r e c t i o n a l  a spec t s  of t r a n s l a t i o n a l  
nonequilibrium, t h e  concept of a mean f r e e  pa th  t h a t  v a r i e s  with d i r e c t i o n  
i s  use fu l .  
I n  t h e  most gene ra l  form, t h e  equations on t h e  d i r e c t i o n a l  l e v e l  a r e  
expected t o  be appropr i a t e  f o r  approximate calci i la t ion of flows i n  
a r b i t r a r y  t r a n s l a t i o n a l  nonequilibrium because of t h e  allowance f o r  t h e  
v a r i a t i o n  of  t h e  flow p r o p e r t i e s  with molecular-velocity d i r e c t i o n .  
This s tudy of t h e  new approach on t h e  d i r e c t i o n a l  l e v e l  may be  
considered t o  be prel iminary.  A t  var ious s t e p s  i n  t h e  development, 
i n t u i t i v e  approximations are used; and t h e  formulation i s  l i m i t e d  t o  
apply only t o  s u f f i c i e n t l y  r a r e f i e d  ( "pe r fec t " )  gases of s i m i l a r ,  n e u t r a l ,  
s p h e r i c a l l y  symmetric, monatomic molecules. Also t h e  e f f e c t s  of "surfaces," 
o r  condensed regions,  adjacent  t o  t h e  gas flow have not been adequately 
considered. (The theory could i n  t h e  f u t u r e  be much more highly developed, 
i f  such f u r t h e r  developments appear j u s t i f i e d . )  
Chapters I1 and I11 include appropr i a t e  d e f i n i t i o n s  and i n t e r p r e t a ­
t i o n s  t h a t  a r e  intended t o  both motivate and l a y  a formal r igorous 
foundation f o r  t h e  t reatment  on t h e  d i r e c t i o n a l  l e v e l  i n  terms of t h e  
d i r e c t i o n a l  mean f r e e  path.  
Then i n  Chapter IV t h e  directional-mean-free-nsth approximation for t h e  
gain-term c o l l i s i o n  i n t e g r a l s  i s  introduced. along with s e v e r a l  proposed i n t u i ­
t i v e  "direct ional-average c o l l i s i o n  models"; and a scheme is  ou t l ined  f o r  
making t h e  system of equations on t h e  d i r e c t i o n a l  l e v e l  determined. The 
pos tu l a t ed  i n t u i t i v e  models involved i n  t h e  method a r e  t o  be p a r t i a l l y  
j u s t i f i e d  phys ica l ly ,  bu t  f i n a l  j u s t i f i c a t i o n  f o r  use of any model w i l l  
l i e  i n  t h e  t r a c t a b i l i t y  and u t i l i t y  it provides ,  i n  t h e  q u a l i t a t i v e  o r  
q u a n t i t a t i v e  real ism and consis tency of t h e  r e s u l t s  it y i e l d s ,  and. i n  i t s  
p o s s i b l e  advantages over o t h e r  methods. 
Use of t h e  directional-mean-free-path approximation w i l l  be seen t o  
leave t h e  equations on t h e  d i r e c t i o n a l  l e v e l  i n  a form amenable t o  t r e a t ­
ment by vec to r  gene ra l i za t ions  of Lagrange's expansion, c e r t a i n  u s e f u l  
forms of which are developed i n  Chapter V.  A perturbation-expansion 
scheme based on those  g e n e r a l i z a t i o n s ,  a l s o  developed i n  Chapter V ,  i s  
then  appl ied i n  C h a p t e r V I t o  t h e  equations f o r  t h e  directional-mean-free­
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path  method. A s  an i l l u s t r a t i o n  of t h e  method, a desc r ip t ion  of t h e  
s o l u t i o n  procedure f o r  steady-flow shock-wave s t r u c t u r e ,  according t o  






DISCUSSION O F  MEAN-FREE-PATH CONCEPT 
2 .1  Def in i t i on  of Mean Free Path 
For proper understanding of t h e  developments t o  follow, it i s  impor­
t a n t  t o  def ine p r e c i s e l y  t h e  mean free path.  For a s p e c i f i e d  c l a s s  of 
molecules, Maxwell’s mean free path i s  def ined as t h e  average d i s t ance  
t r a v e l l e d  by one molecule of t h a t  c l a s s  between successive c o l l i s i o n s  
with a l l  o ther  molecules. (Refer, e .g . ,  t o  Jeans ,  1954, 1952; Chapman 
and Cowling, 1961; 
d e f i n i t i o n ,  i f  
o r  Vincent i  and Kruger, 1965.)  According t o  t h i s  
‘re1 i s  t h e  magnitude of molecular v e l o c i t y  measured 
r e l a t i v e  t o  some s p e c i f i e d  coordinate  system, Maxwell’s mean f r e e  path 
i s  formulated for t h e  c l a s s  of molecules under cons idera t ion  as 
- <‘rs1> aver-age f o r  c l a s s  
‘class ‘class 
= average d is tance  t r a v e l l e d  pe r  f ree  path 
terminated by a molecule of t h e  c l a s s  ( 2 . l b )  
where 
<‘rel>av for c l a s s  -= 	 average d i s t ance  t r a v e l l e d  per  u n i t  t i m e  
by a molecule of t h e  c l a s s  (measured i n  
some coordinate  system) (2 .2a)  
= 	 average v e l o c i t y  magnitude f o r  molecules of 
the c l a s s ,  measured r e l a t ive  t o  some 
s p e c i f i e d  coordinate  system (2.2b)  
and where 
‘class 2 	 average number of free pa ths  terminated pe r  
u n i t  t i m e  by each molecule of t h e  c l a s s  
w i th in  a very s m a l l  volume ( say  d v r )  
about t h e  po in t  under cons idera t ion  (2.3a)  
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= 	 average number of  c o l l i s i o n s  p e r  u n i t  t i m e  
experienced by each molecule of t h e  c l a s s  (2.3b) 
probable  number of molecules of  t h e  
undergoing c o l l i s i o n s  p e r  u n i t  t i m e  i n  a 
- [s m a l l  volum.e-Kb-out t h e  p o i n t  .~ 
molecules of t h e  
about t h e  p o i n t  
which i s  denoted as t h e  "average c o l l i s i o n  frequency pe r  molecule of t h e  
c l a s s  ."* 
I n  Chapter 111, it w i l l  be  convenient t o  consider  var ious c l a s s e s  of 
molecules, t o  be def ined.  The E o l l i s i o n  f r equenc ie s ,  0c l a s s  ' are 
ca l cu la t ed  by consider ing v e l o c i t i e s  of molecules r e l a t i v e  t o  another 
molecule, s o  concern over a s p e c i f i e d  r e fe rence  frame does not e n t e r  
p­
*Note t h a t  f o r  t h e  p a r t i c u l a r  c l a s s  c o n s i s t i n g  of a l l m o l e c u l e s  wi th in  a 
s m a l l  d i f f e r e n t i a l  volume d 9 /  about a p o i n t ,  t h e  number of molecules r 
undergoing c o l l i s i o n s  p e r  u n i t  t ime i s  twice t h e  number of  c o l l i s i o n s  p e r  
u n i t  t i m e ,  s i n c e  each c o l l i s i o n  involves two molecules; t h u s ,  f o r  t h i s  
c l a s s ,  
number of c o l l i s i o n s  pe r  u n i t  t ime i n  d^Jr _ _  . .0 = 2 x  - number of molecules i n  do/,  
However, t h e  c o l l i s i o n  frequency of i n t e r e s t  i n  eq. ( 2 . 1 )  i s  t h a t  denoted 
by 0 and c a l c u l a t e d  by (2 .3a ) ,  (2 .3b ) ,  or ( 2 . 3 ~ ) ~  notand- j u s t  t h e  
second f a c t o r  i n  t h e  above equation. For a l t e r n a t e ,  bu t  s i m i l a r ,  
d iscussion s e e  Vincent i  and Kruger (1965),pp. 48-54. The appropriate  
c o l l i s i o n  frequencies  w i l l  be c a l c u l a t e d  as needed, f o r  each c l a s s  
considered, i n  a manner t h a t  does not involve concern over t h e  f a c t o r  




i n t o  t h e  c a l c u l a t i o n  of ‘class 3 * t h a t  i s ,  t h e  c o l l i s i o n  frequency p e r  
molecule of t h e  c l a s s  i s  not  a f f e c t e d  by t h e  mean v e l o c i t y  of m a s s  
motion ( e .g . ,  see Jeans ,  1954, p.  35) .  However, as noted i n  t h e  de f in i ­
t i o n s  ( 2 . 2 ) ,  each mean f r e e  p a t h  t o  be  c a l c u l a t e d  w i l l  need t o  have t h e  
reference frame s p e c i f i e d  i n  which ‘re1 i s  measured. The d i s t a n c e  
t r a v e l l e d  i n  u n i t  t i m e ,  or t h e  v e l o c i t y ,  measured i n  one r e fe rence  frame 
i s  d i f f e r e n t  from t h a t  measured re la t ive t o  a r e fe rence  frame moving with 
a d i f f e r e n t  v e l o c i t y .  This f a c t  i s  important t o  t h e  discussions i n  t h e  
remainder of t h i s  chapter ;  and t h e s e  discussions are important t o  
understanding t h e  method developed i n  Chapter IV. 
~p
2.2 D e f i n i t i o n s f o r  Calculat ion of Mean Free Paths 
2.2.1 Configuration space,  veloci4ypspace, phase space,  
-a p c v e & c i t y  d i s t r i b u t i o n  func t ion~-
Consider t h e  phys ica l  configurat ion space i n  which molecules of a 
gas a r e  moving and i n t e r a c t i n g  with each o t h e r ,  and l e t  t h e  r e fe rence  
frame of t h e  observer be  a system of Cartesian coordinates  denoted by 




2 ,  
and x
3’ 
wi th  t h e  orthogonal u n i t  vec to r s  e 
1, 
e 
2 ,  
and e 
3, 
r e s p e c t i v e l y  i n  t h e  d i r e c t i o n s  of t h e  t h r e e  space coordinates .  A po in t  
i n  t h i s  space is  def ined by t h e  p o s i t i o n  vec to r  
+ - -+ + + 
r = e x + e  x + e  
3 
x ( 2 . 4 )
1 1  2 2 3 
Denote by 






( 2 . 5 )  
a d i f f e r e n t i a l  element of volume i n  t h e  phys ica l  configurat ion space,  and 
+
denote t h e  range of  a l l  values of r w i t h i n  a c e r t a i n  d V r  by 
P (;, dvr)9which can a l s o  be thought of  as t h e  volume d y r  about a 
+
c e r t a i n  po in t  r. 
7 

Denote the  v e l o c i t y  of a molecule, measured i n  t h i s  frane of 
r e fe rence ,  by 
where the  si are t h e  Cartesian components of + t h e  molecular v e l o c i t y .  
Consider molecular-velocity space ( i n  which 5 i s  a "pos i t i on  vector")  
and denote a " d i f f e r e n t i a l  volume of v e l o c i t y  space" by 
+= 
Then denote by (z,dy) t h e  range of a l l  values  of 5 wi th in  a c e r t a i n  
+ 
d"Js or, equ iva len t ly ,  t h e  volume d 9 /5 about a c e r t a i n  po in t  5 i n  
v e l o c i t y  space.  
It i s  customary t o  speak of t h e  "phase space" of a molecule as t h e  













A point  i n  t h e  molecular phase space can be def ined by t h e  six-dimensional 
+="pos i t i on  vector"  x wi th  components x l ,  x2 ,  x3 ,  E l ,  < 2 ,  . A d i f f e ren ­
+
t i a l  element of "volume" i n  t h i s  space about t h e  po in t  x can be denoted 
by (g, dyx),where 
= d 9 J r d Y  (2.8) 
( i . e .  ,If the t o t a l  probable number of molecules i n  (g,  d yx), 
l oca t ed  i n  (G,d"J,) and having molecular v e l o c i t y  i n  t h e  range (z ,d%)) ,  
a t  t i m e  t i s  denoted by dN+, then  t h e  probable number dens i ty  at  po in t  
+ - + +  5 
x ( r , t )  i n  phase space at t i m e  t ,  c a l l e d  t h e  v e l o c i t y  d i s t r i b u t i o n  
+ +  
funct ion and denoted by f ( r , S , t ) ,  i s  def ined by 
8 






then the number density at point r in configuration space is 
( 2.lob) 
2.2.2 Collision -frequencyof a molecule 

Denote by d(Nc)+ the probable total number of molecules in 

-+ -t t; 
(r, dv ) , ( 5 ,  d y ) that experience collisions with other molecules in 
runit time. DenoteEby +5, the velocity of each other molecule undergoing 
+ -+ 
a collision with a molecule of velocity 5. Let g be the relative 
velocity before collision: 






For each Ea, consider the plane that contains the center of the t; 
+
molecule and that is perpendicular to the relative-velocity vector g. 

+
Let b be the distance from the center of the 5 molecule in this 




5 molecule. (Refer to Chapman and Cowling, 1961, p. 61, fig. 6. To 

aid understanding of the impact parameters b and E, see also Chapman 
and Cowling, 1961, p. 57, fig. 3 ;  and Vincenti and Kruger, 1965: 
fig. 5 in Chap. I1 ( p .  37) and fig. 3 in Chap. IX (p. 351).) Then, as 
9 

i s  shown i n  many books on k i n e t i c  t heo ry  of gases ,  
where o i s  an e f f e c t i v e  "molecular diameter" (which i n  r e a l i t y  i s  
i n f i n i t e  b u t  which may be "truncated" at an appropr i a t e  value beyond 
which t h e  e f f e c t s  of molecular i n t e r a c t i o n  are n e g l i g i b l e ,  depending on 
t h e  nature  of t h e  intermolecular  f o r c e  p o t e n t i a l ;  c f .  Chapman and 
- + +  + - +
Cowling, 1961) ,  and where f = f ( r , ' , t )  and f a E f ( r , <a , t ) .  Then, 
-++ -+
s i n c e  f ( r ,< , t )  i s  independent of 'a 3 equat ion (2.12a)  can be w r i t t e n  
as 
(2.12b) 
where dN+ i s  given by equation ( 2 . 9 )  and where 
5 

( 2 1 2 c )  
i s  t h e  probable  f r a c t i o n  of a l l  t h e  molecules i n  (;,a?' ) ,  (;,a%)r 
undergoing c o l l i s i o n s  p e r  u n i t  t i m e .  Thus i s  t h e  c o l l i s i o n  frequency 
p e r  molecule of t h e  c l a s s  of dN+, as d e f i n e@$ by equation ( 2 . 3 ~ )
E 
The t o t a l  number of molecules i n  (;,dK) undergoing c o l l i s i o n s  
p e r  u n i t  t i m e ,  denoted by a i c ,  i s  found by i n t e g r a t i n g  equation (2.12a) 
-+ 




This may a l s o  be w r i t t e n  as 
dmC = o m  (2.13b) 
where dN i s  t h e  number i n  (;,a?) (eq .  2 .10) )  and where, for t h e  c l a s s  
of dN ( a l l  molecules i n  (;,dY)), 0 is ,  according t o  equation ( 2 . 3 ~ ) ~  
and a l s o  from (2.13a) and (2.13b),  
This i s  t h e  probable f r a c t i o n  of a l l  t h e  dN molecules undergoing 
c o l l i s i o n s  pe r  u n i t  t i m e .  The c o l l i s i o n  frequencies  
OP 
and 0 depend 
on t h e  nature  of t h e  i n t e r a c t i o n  p o t e n t i a l  and on t h e  p a r t i c u l a r  appropri­
a t e  corresponding s p e c i f i c a t i o n  of 0 .  
_ _2.2.3 Averaggvalues  of molecular p r q s r t i e s ;  -.mean m a s s  _ _  - _------- i--­
ve-nd ~-- Eeculgar (random) v e l o c i t y-
Each molecule may be s a i d  t o  have c e r t a i n  p r o p e r t i e s  t h a t  may depend 
on i t s  p o s i t i o n ,  v e l o c i t y .  and t ime,  and are denoted gene ra l ly  by 
+ +  ++ = +(r ,E, t ) .  Examples a r e :  mass/unit  mass = 1; momentm/unit m a s s  = 5;  
1 tf
energy/unit  m a s s  = -2 E 2 ;  55 ; O+ 5 
; e t c .  (These examples for + can 
a l l  be considered t o  be  " spec i f i c "  values of extensive molecular proper-
+ +
t i e s )  For any such molecular property,  +(r ,E, t )?  one may de f ine  i t s  
average value,  for t h e  c l a s s  of a l l  molecules i n  ( r ,dT) ( rega rd le s s  




P a r t i c u l a r  examples of average values t h a t  are of concern i n  t h i s  
chapter  are found as fol lows:  F i r s t ,  t h e  mean m a s s  v e l o c i t y  of t h e  gas 
i s  def ined by 
3 :<t> (2.15) 
Then t h e  molecular v e l o c i t y  r e l a t i v e  t o  t h e  mean m a s s  motion, denoted as 
t h e  "random molecular veloci ty ' '  or as t h e  "pecul ia r  ve loc i ty"  i s  defined 
3 Y  
+ + +
C - 5 - V  (2.16a) 
-f = e  c + Z  c + Z  G 
1 1  2 2 3 3 
where t h e  Ci are the  Cartesian components of ?. The magnitudes of 
+
t h e  vec tors  5 and ? are, r e spec t ive ly ,  
2 1/2c =  131 = ( c 	2 + c 2 + c )
1 2 3 
Quant i t ies  t h a t  w i l l  be  of i n t e r e s t  below are t h e  average values of 5 
and C y  found by t ak ing  (I = 5 and 4 = C i n  equation 	(2 .14) ' to  ob ta in ,  
+ +
respec t ive ly ,  ( 5 )  and <C> . Note a l s o  t h a t  t ak ing  (I(r,c,t) = 0, 
5
( t h e  p robab i l i t y  of a molecule i n  t h e  c l a s s  dN+ undergoing a c o l l i s i o n
5 
i n  u n i t  t i m e )  one f i n d s  ( c f .  eq. ( 2 . 1 3 ~ ) ) :  
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2.3 	 Mean Free- eakh fgr-a-G-as a t  p e s t  ; and Mean Free Path 
Rel~t..L~ MeSnMotion of-the G a s  X 
~~ 
Maxwell's mean f r e e  pa th  w a s  o r i g i n a l l y  ca l cu la t ed  f o r  a gas  a t  
r e s t ,  t h a t  i s ,  wi th  no o v e r a l l  m a s s  motion, and i n  a uniform s t a t e  ( s e e  
de r iva t ions  ou t l ined  by Jeans ,  1952, and by Chapman and Cowling, 1961).  
I n  t h a t  case ,  C = 5 , and t h e  average v e l o c i t y  magnitude measured 
r e l a t i v e  t o  t h e  re ference  frame of t h e  observer ( i . e .  , r e l a t i v e  t o  t h e  
-Fcoordinates  of r space;  s e e  § 2.2 .1)  i s  then < C > .  Then Maxwell's 
mean f r e e  pa th  f o r  t h e  c l a s s  of a l l  molecules i n  a s m a l l  volume about a 
poin t  i s ,  from (2 .1a ) ,  
For a gas composed of r i g i d  e l a s t i c  spheres ,  i n  equi l ibr ium, and with no 
mean m a s s  motion ( s e e  above r e f e r e n c e s ) ,  
0 = 6 II n a 2 < c >  (2.20b) 
s o  i n  t h a t  case (2.20a)  becomes 
(2 .20c)  
The not ion of mean f r e e  path has been extremely u s e f u l  i n  t h e  exten­
s ion  t o  gases with nonvanishing mean m a s s  motion ($ # 0 )  for t h e  
ca l cu la t ion  of t r a n s p o r t  phenomena ( e . g . ,  s ee  e s p e c i a l l y  Chapman and 
Cowling, 1961; Present ,  1958; L i g h t h i l l ,  1956; Hirschfe lder ,  Cur t i s s ,  
and Bi rd ,  1964; Guggenheim, 1960; and Vincenti  and Kruger, 1965) .  
However, t h e  mean f r e e  path used i n  t h a t  extension has  been ca l cu la t ed  
from equat ions (2 .20 ) ,  o r  
(2 .21)  
13 
-- 
That i s ,  the  re la t ive  v e l o c i t y  magnitude i n  equations (2.1)  and ( 2 . 2 ) ,  or 
t h e  average d i s t a n c e  t r a v e l l e d  by a molecule i n  u n i t  t i m e ,  has  been 
measured i n  a r e fe rence  frame t h a t  moves wi th  t h e  mean motion of the gas .  
One may t h e r e f o r e  refer t o  A, defined by equat ion (2.211, as t h e  mean 
free p a t h  re la t ive t o  t h e  mean m a s s  motion. A s  noted above (a t  t h e  end-
of § 2 . 1 ) ,  al though 0 i s  not a f f e c t e d  by t h e  mean v e l o c i t y  of m a s s  motion 
$, t h e  c a l c u l a t i o n  of t h e  average v e l o c i t y  magnitude, <'rel>av , does 
depend on t h e  r e fe rence  frame i n  which it i s  measured. This i s  f u r t h e r  
discussed i n  § 2.5.  
Mean Free Path,  A*~~ 
It w i l l  be found u s e f u l  t o  consider what may be  denoted as t h e  abso lu te  
mean free p a t h ,  def ined by 
A* E &2 
0 
(2.22) 
From t h e  d e f i n i t i o n s  ( 2 . 1 )  and ( 2 . 2 ) ,  f o r  t he  c l a s s  of a l l  molecules i n
(;,dy), s i n c e  5 i s  t h e  d i s t ance  p e r  u n i t  t i m e  t r a v e l l e d  by a molecule 
re la t ive t o  t h e  obse rve r ' s  r e f e rence  frame ( i . e . ,  r e la t ive  t o  t h e  coordin­
-+ 
a t e s  of t h e  r space def ined i n  § 2.2.1) .  2 i s  t h e  average d i s t ance  
t r a v e l l e d ,  r e l a t i v e  t o  t h e  observer 's  r e f e rence  frame, by a molecule 
between successive col l is ions- .  The s i g n i f i c a n c e  of A*,  and i t s  comparison 
w i t h  A ,  a r e  discussed i n  5 2.5. 
2.5 Comparison of A* with A ;  and S ign i f i cance  of A* 
I n  comparing A*, def ined by equation (2.221, with A , defined by 
+
equation (2.211,it w i l l  f i r s t  be noted tha t  i f  V = 0,  A* i s  t h e  same as 
A .  However, a t  least  f o r  an equi l ibr ium d i s t r i b u t i o n  with $ # 0, A* 7 A .  
For example, consider  a uniform flow of  a gas i n  t r a n s l a t i o n a l  equi l ibr ium 
+
with very l a r g e  V. Then wi th in  t h e  mean c o l l i s i o n  t i m e  of a molecule, 
14 

tc = 1/0 , n e a r l y  a l l  t h e  molecules move a very l a r g e  d i s t ance  i n  t h e  
+
obse rve r ' s  reference frame. I n  f a c t  A* + m  as V + m . However, X 
+
does not depend on V. This i l l u s t r a t i o n  i s  made more p r e c i s e  by t h e  
c a l c u l a t i o n  i n  t h e  following paragraph. 
Consider c a l c u l a t i o n  of  A* and X f o r  a gas having a Maxwellian 
d i s t r i b u t i o n  func t ion  
and having mean m a s s  v e l o c i t y  ? = <t>, with magnitude V ,  where 
and where m i s  t h e  m a s s  of a molecule, k i s  Boltzmann's constant ,  T 
i s  t h e  gas temperature,  y i s  t h e  r a t i o  of  s p e c i f i c  h e a t s  of t h e  gas 
(cp/cv) ,  and a = ( Y R T ) 1 / 2  i s  t h e  speed of sound i n  t h e  gas .  Without 
+ +
l o s s  of g e n e r a l i t y ,  one can t a k e  V = e u f o r  t h i s  c a l c u l a t i o n ,  s i n c e  t h e  
1 
x ax i s  can a r b i t r a r i l y  be  a l igned  with t h e  v e l o c i t y  vec to r .  Then 
1 
It i s  r e a d i l y  found by s u b s t i t u t i n g  equations (2.23a-c) i n t o  equation 
(2.14) with 6 = C t h a t  
( c f .  Chapman and Cowling, 1961, p. 7 4 ) ,  and wi th  I$ = 5 t h a t  
- B e d  1/ 2  
<E> = Q [ e  (1+ 2Beu2) erf ( x u )1 (2.23e) 
where, by d e f i n i t i o n ,  t h e  "e r ro r  funct ion" i s  
(2.24) 

With d e f i n i t i o n  of t h e  Mach number 
-
M = u / a ,  or K U= m~E M e 
and wi th  use  of t h e  appropr ia te  asymptotic expansions i n  equat ion (2.23e)-
f o r  M -t 0 or M + m , one f i n d s :  as q u = M - + O :  
<E> = < C > ( l +  $ $  - + L E 6  - + - - a  ) (2.23f)210 
-
a n d a s  K u = M + ~: e 
7-1/2 
e-M [ - 1G-4 + O(G3)]]2 

Therefore,  from t h e  d e f i n i t i o n s  (2.21) and (2.22), f o r  t h i s  case of t h e  




Hence, f o r  s m a l l  M y  A *  % A ; and f o r  l a r g e  M y  X*/A = O ( M ) .  
One i n d i c a t i o n  of t h e  s ign i f i cance  of A* i s  t h e  following: 
Suppose we wish t o  consider  t h e  appropr ia te  dimensionless parameter 
charac te r iz ing  a molecular flow. Let L be a c h a r a c t e r i s t i c  re ference  





molecule, and cr be an appropr i a t e  r e fe rence  v e l o c i t y .  Since A* = <e>/@ 
i s  t h e  a c t u a l  mean f ree  p a t h  re la t ive t o  t h e  observer ,  it i s  suggested 
t h a t  
Kn* 2 (g)  = ( 2.26a) 
ref 
( a  "Knudsen number based on t h e  abso lu te  mean f ree  path")  i s  t h e  most 




cr = <5> (2.27) 
The parameter C ~ / L O ,  i s  Vincent i  and Kruger's (1965, p .  380) parameter 
5 or Liepmann, Narasimha, and Chahine's (1962, p .  1319) parameter l/ao 
( t h e  appropr i a t e  expansion pardmeter f o r  t h e  Chapman-Enskog procedure) .  
Those w r i t e r s  made appropr i a t e  s p e c i f i c a t i o n s  of c f o r  low speed flows r 
and for high Mach numbers. S ince ,  from (2.23f,g), <E> % <C> as M + 0 
and <E>% u as M + ~0 , we see from (2.26) and (2 .27 )  t h a t  use of A" ,  
r a t h e r  t han  A ,  has l e d  t o  a resu l t  f o r  cr ( e q .  ( 2 . 2 7 ) )  t h a t  au tomat i ca l ly  
includes t h e  w a r a t e  s p e c i f i c a t i o n s  of cr f o r  low-speed and high Mach 
number flows t h a t  w e r e  made by both Liepmann e t  a l .  (1962) and Vincenti  
and Kruger (1965) .  
The s i m p l i f i e d  c a l c u l a t i o n s  of t h e  t r a n s p o r t  c o e f f i c i e n t s ,  from t h e  
elementary k i n e t i c  t heo ry ,  t r e a t  molecules as ca r ry ing  with them values 
of  var ious p r o p e r t i e s  ( e . g . ,  momentum) t h a t  are c h a r a c t e r i s t i c  of t h e  
l o c a t i o n  of t h e i r  l as t  c o l l i s i o n ,  a mean f r e e  pa th  away (see references 
mentioned above, p r i o r  t o  equat ion ( 2 . 2 1 ) ) .  Although A* i s  t h e  a c t u a l  
mean f ree  pa th  re la t ive t o  t h e  observer ,  use of  X has been convenient,  
and i t s  use is  j u s t i f i e d  e s p e c i a l l y  by t h e  f a c t  t h a t  t h e  a c t u a l  average 
f ree  pa th  of t h e  molecules moving normal t o  t h e  flow (used,  e .g . ,  i n  
-f
ca lcu la t ing  shear  ra te )  i s  c lose  t o  A .  However, f o r  flows i n  which V 
i s  l a r g e  and/or changes r a p i d l y ,  use of A* ( i n  a c e r t a i n  way) i s  suggested 
t o  be perhaps more appropr ia te  than  A ,  and, i n  f a c t ,  use of a d i r e c t i o n a l  
absolu te  mean f ree  pa th  ( t o  be introduced i n  Chapter 111)may be most 
appropr ia te  i n  cases of s i g n i f i c a n t  t r a n s l a t i o n a l  nonequilibrium, where 
t h e  d i r e c t i o n a l  mean free pa th  of t h e  molecules varies s i g n i f i c a n t l y  wi th  






THE DIRECTIONAL LEVEL OF DESCRIPTION 
AND ITS RELATION TO THE KINETIC AND MACROSCOPIC LEVELS 
3.1. Intrgdgct  o r y  Remarks 
The purpose of  t h i s  chapter  i s  t o  introduce t h e  b a s i c  concepts,  
d e f i n i t i o n s ,  and formal equations t h a t  c o n s t i t u t e  t h e  d i r e c t i o n a l  l e v e l  
of desc r ip t ion .  This formal development i s  t o  form t h e  b a s i s  of a method 
f o r  t r e a t i n g  gas flows i n  t r a n s l a t i o n a l  nonequilibrium ( introduced i n  
Chapter I V ) .  Because of t h e  suggested importance of t h e  d i r e c t i o n a l  
aspects  of s i g n i f i c a n t  t r a n s l a t i o n a l  nonequilibrium, it i s  proposed t o  
t r e a t  each molecular-velocity d i r e c t i o n  s e p a r a t e l y ,  which i s  p o s s i b l e  on 
t h e  d i r e c t i o n a l  l e v e l .  The r o l e  of t h e  d i r e c t i o n a l  l e v e l  of d e s c r i p t i o n  
i n  i t s  r e l a t i o n  t o  t h e  k i n e t i c  and macroscopic l e v e l s  i s  emphasized i n  
t h e  formulation. 
It i s  convenient f i rs t  t o  d i scuss  t h e  Boltzmann equation ( § 3 . 2 ) ,  
which involves both t h e  c o l l i s i o n  frequency p e r  molecule of t h e  c l a s s  
dN+ ( i . e . ,  a l l  molecules i n  (;,dT) wi th  v e l o c i t y  i n  ( % , d K ) ;  c f .  
5 5 
eq. ( 2 . 9 ) )  and t h e  inve r se  c o l l i s i o n  frequency p e r  molecule corresponding 
t o  t h a t  c l a s s .  Then in t roduc t ion  of s p h e r i c a l  coordinates  i n  molecular-
v e l o c i t y  space (53 .3 )  f a c i l i t a t e s  t h e  subsequent formulation. 
I n  Chapter 11, d i f f e r e n t  c l a s s e s  of molecules have already been 
mentioned. I n  p a r t i c u l a r  were discussed:  t h e  c l a s s  of a l l  molecules i n  
( ? , d x )  with v e l o c i t y  i n  ( t , d T ) ,  and t h e  c l a s s  of molecules i n  
( ; ,dq)  r ega rd le s s  of molecular v e l o c i t y .  I n  t h i s  chapter  ( i n  § 3.4)  it 
i s  convenient t o  d i s t i n g u i s h ,  and de f ine  p r e c i s e l y ,  fou r  c l a s s e s  of mole­
cu le s .  For each of  t h e s e  c l a s s e s ,  one can de f ine  c e r t a i n  p r o p e r t i e s  and 
w r i t e  equations of change f o r  t h o s e  p r o p e r t i e s .  The Boltzmann equation 
app l i e s  on t h e  k i n e t i c  l eve l  of d e s c r i p t i o n .  One then  can de f ine  t h e  
intermediate  l e v e l s  of d e s c r i p t i o n ,  involving marginal d i s t r i b u t i o n s  of 
molecular p r o p e r t i e s .  F i n a l l y ,  one f i n d s  t h e  f u l l  moment level ,  f o r  which 
Enskog's gene ra l  equat ion of change governs t h e  va r ious  macroscopic proper­
t i e s ,  which are molecular p r o p e r t i e s  i n t e g r a t e d  over (or  averaged over)  
a l l  molecular v e l o c i t i e s .  The d i r e c t i o n a l .  level  of d e s c r i p t i o n  comprises-
an intermediate  c l a s s ,  and i t s  considerat ion w i l l  be found t o  be u s e f u l .  
I n  t h i s  connection, d i r e c t i o n a l  p r o p e r t i e s  of t h e  molecular motion are 
def ined,  including a mean free pa th  t h a t  can be d i f f e r e n t  f o r  each 
molecular-velocity d i r e c t i o n .  Molecules wi th  v e l o c i t y  i n  a c e r t a i n  direc­
t i o n  can be  thought of as c o n s t i t u t i n g  a "species" i n  a mixture of spec ie s  
of a l l  d i r e c t i o n s ,  with each d i r e c t i o n  having i t s  own m a s s  d e n s i t y ,  momentum 
dens i ty ,  energy dens i ty ,  c o l l i s i o n  frequency p e r  molecule, mean f r e e  pa th ,  
e t c .  Equations of  change can then be w r i t t e n  f o r  each of t h e  " d i r e c t i o n a l  
p rope r t i e s "  ( 5  3.12) .  
3.2 The Boltzmann Equation 
The Boltzmann equation i s  an equation of change f o r  t h e  probable 
number of molecules i n  (~ ,d~) , (~ ,d$! )  a t  time t (eq .  ( 2 . 9 ) ) ,  
o r  f o r  t h e  probable number dens i ty ,  f ,  i n  phase space.  Many de r iva t ions  
of t h e  Boltzmann equation have been given ( c f .  Grad, 1958; Chapman and 
Cowling, 1961, pp. 46, 47, 63-66; o r  H i r sch fe lde r ,  C u r t i s s ,  and Bird,  
1964, pp. 444-452). The equation of change f o r  dNj i n  phase space
5
involves a "net source term" owing t o  c o l l i s i o n s .  I n  w r i t i n g  t h e  n e t  
source term one needs an expression f o r  t h e  number of  molecules i n  
( g , d y )  ,(z,dc) undergoing c o l l i s i o n s  p e r  u n i t  t i m e ,  and hence the  number 
l o s t-f r o m t h a t  c l a s s  p e r  u n i t  t ime owing t o  c o l l i s i o n s  ( c f .  eqs.  (2 .12 ) ) :  
where O+ , defined by (2.12c) ,  i s  t h e  f r a c t i o n  of t h e  number SLN, 
5 5 
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undergoing c o l l i s i o n s  p e r  u n i t  t i m e ,  and hence t h e  f r a c t i o n  l o s t  per  u n i t  
t i m e ,  and i s  denoted as t h e  average c o l l i s i o n  frequency f o r  a molecule of 
t h e  c l a s s  of dN+ . One also needs an expression f o r  t h e  number of mole-
E 
cules  undergoing " inverse c o l l i s i o n s "  pe r  u n i t  t i m e  t h a t  end up i n  (:,dy), 
(;,a%) af ter  t h e  c o l l i s i o n s ,  or t h e  probable number gained by t h a t  c l a s s  
p e r  u n i t  t i m e  owing t o  c o l l i s i o n s :  
where 
i s  defined by equat ion ( 3 . 3 ~ )as t h e  f r a c t i o n  of t h e  number dN+
5 
put  i n t o  -(~,d<),($,d~) per  u n i t  t ime by inverse  c o l l i s i o n s .  This 
f r a c t i o n ,  @ 'c y  may be denoted as t h e  " inverse c o l l i s i o n  frequency pe r  
moleculert f o r  t h e  c l a s s  dN+
5 
. I n  equations (3.31, 
where %' and z; are t h e  v e l o c i t i e s  of two molecules before  an ' ' inverse 
co l l i s ion"  or a f t e r  a l ldirect  co l l i s ion . '*  The v e l o c i t i e s  and z~ are 
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not  independent b u t  are r e l a t e d  through the  impact parameters and i n t e r -
+ -+ 
molecular p o t e n t i a l  t o  5 and 5,. I n  equation (3.3b) t h e  well-known 
r e l a t i o n s  have been used: 
d v l  = dv d y  ; g '  = g ; b '  = b ,  E '  = E ( 3 . 5 )
Ea 5 Ea 




+ vr * (t d N  ) + V 5  * ( - dN,) = d( iA)+ - d(Nc)+-(a+) -t m 5 5 5at 5 
(0; - 0+) dN+ 
5 5 5 
o r ,  upon d iv id ing  by dq/r d< 
y B  f)Ia f  + v 
r 
( Z f )  + V 5 '  ( ; = (0:
5 
- a b )  f (3 .7 )a t  5 
where 
3.3 D i s t r i b u t i o n  Function i n  Sphe r i ca l  Coordinates i n  
Molecular-Velocity Space 
For subsequent developments it i s  convenient t o  transform t h e  
coordinates of v e l o c i t y  space t o  s p h e r i c a l  coordinates .  
+ 
With t h e  molecular v e l o c i t y  5 def ined by equat ion (2 .6 )  and i t s  




E 2  = E s i n  9 cos e 1 (3.9)  
5, = E s i n  cp s i n  0 J 
+- +-where, f o r  a molecule l o c a t e d  at po in t  r and having v e l o c i t y  5 ( s e e  
f i g u r e  3 .1)>  Q i s  t h e  angle  between t h e  ax i s  (which i s  p a r a l l e l  t o  
E l  +-
t h e  x1 axis) and t h e  molecular-velocity vec to r  6 ; and 0 is  t h e  
+-
angle  of t h e  p r o j e c t i o n  of  t h e  vec to r  5 on t h e  plane of E , ,  E ,  (which 
i s  p a r a l l e l  t o  t h e  x,, x, p l a n e ) .  The angle 0 i s  measured from t h e  E 
a x i s ,  as shown on f i g u r e  3.1. 
+-
The u n i t  vec to r  i n  t h e  d i r e c t i o n  of 5 i s  then def ined by t h i s  




E 5 = Z1 cos ~p + 
-+ 
e2 s i n  p cos 0 + 
,
e 3 s i n  s i n  e ( 3. loa)  
+-
Noting t h a t  e, i s  a func t ion  only of 0 and cp , w e  w i l l  a l s o  f i n d  it 
5 
convenient t o  use t h e  no ta t ion  
( 3 .  l o b )  
The t ransformation of t h e  velocity-space volume element, d*J; , i s  
given by 
( 3 .  l l a )  
a ( < ,  . 5 , , E 3 )
where a ( < ,  8, Q )  i s  t h e  Jacobian determinant of t h e  t ransformation.  
(From Fig. 3.1, t h e  t h r e e  edges of t h e  volume element are Ed@ , E s i n q d 0 ,  





Figure 3.1 - Spherical coordinates in molecular-velocity space. 
+
Figure 3.2 - The uni t  sphere and solid angles a t  a point  r , 
It w i l l  be  found convenient t o  a l s o  consider  t h e  s o l i d  angles i n  
molecular-velocity space (see f i g .  3.2 ) : 
s i n  q dcp dB (3.12) 
e=n 
(3 .13)  
i n  terms of which equat ions (3.11)  may a l s o  be  w r i t t e n  as 
-+
(The s ign i f i cance  o f t h e  subsc r ip t s  5 , 8g , and Cp i s  discussed i n  
§ 3.4 . )  
The v e l o c i t y  d i s t r i b u t i o n  func t ion  def ined by equation (2 .9)  may be 
w r i t t e n  with 5, 8 ,  8 as arguments. Thus de f ine  
F r o m t h i s  po in t  on, however, t h e  supe r sc r ip t  * i n  equation (3.15) w i l l  
be dropped, with t h e  understanding t h a t  f ( ~ , 5 , 8 y ~ , t )i s  a c t u a l l y  f* 
def ined i n  equat ion (3 .15 ) .  Thus from equations (2.9), (3.11), ( 3 . 1 2 ) ,  
(3 .13) ,  and (3 .14)  we now have 
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3.4 _Cl.assses. of Molecules Consider-ed; . -- T o t a l  Number 
and Notation f o r  Each Class 
The remainder of t h i s  chapter  involves considerat ion of four  c l a s s e s  
of molecules : 
( a )  The c l a s s  of  a l l  molecules i n  (;,as/,) and having v e l o c i t y  i n  
(z ,d%)  contains  t h e  number 
where t h e  no ta t ion  (G,dx),(Z,dK) has been def ined i n  § 2.2.1.  This 
I 5 -+ 
c l a s s  i s  denoted as t h e  c l a s s  dNz . The subsc r ip t  E i s  t o  be used 
gene ra l ly  t o  denote q u a n t i t i e s  i n  t h i s  c l a s s ,  which can be  funct ions of 
+ +
(or of 5 ,  0 ,  cp), as w e l l  as of r and t .  
( b )  The c l a s s  of a l l  molecules i n  (;,dy) and having v e l o c i t y  
d i r e c t i o n  i n  ( e ,  q ,  aneq) ( r e g a r d l e s s  of t h e  magnitude 5 ) contains  
t h e  t o t a l  probable number 
where ( e ,  q,  aneq) i n d i c a t e s  t h e  range of 8 and i n  t h e  s o l i d  angle 
+ +
dR about t h e  vec to r  e0Q ( e , @ )  = e z  . (See f i g .  3 . 2 . )  This c l a s s  i s  
denoted as t h e  c l a s s  dNeT . The s u b s c r i p t  e q  i s  t o  be used gene ra l ly  
t o  denote q u a n t i t i e s  corresponding t o  t h i s  c l a s s  which may be  funct ions 
+ 

of 0 and fp as w e l l  as of r and t (bu t  not funct ions of t h e  v e l o c i t y  
magnitude E ) .  
( c )  The c l a s s  of a l l  molecules i n  (;,dy) and having v e l o c i t y  
angles i n  (cp,dQq) ( r e g a r d l e s s  of t h e  values of and e )  contains  
t h e  t o t a l  probable number 
where (Q,dQ@) i n d i c a t e s  a d i r e c t i o n  i n  t h e  range dQ about t h e  angle 
cp anywhere i n  t h e  s o l i d  angle  df+, (see f i g .  3 . 2 ) .  This c l a s s  i s  
denoted as t h e  c l a s s  ma. The s u b s c r i p t  (0 i s  t o  be used gene ra l ly  t o  
denote q u a n t i t i e s  corresponding t o  t h i s  c l a s s ,  which may b e  funct ions of 
-f cp, as w e l l  as of r and t ( b u t  not func t ions  of  5 and 0 ) .  
( d )  The c l a s s  of  a l l  molecules i n  (;,a%) ( r ega rd le s s  of t) 
contains  t h e  t o t a l  probable number ( c f .  eqs .  (2 .10a,b))  
This c l a s s  i s  denoted as t h e  c l a s s  dN . Quan t i t i e s  corresponding t o  t h i s  
-+
c l a s s  may be  funct ions of r and t ( b u t  not of 5 ,  0 ,  or c p ) .  
~~3.5 	 Tota l  Number of Molecules Undergoing Co l l i s ions  p e r - U n i t-Time i n  
Each Class of Molecules 
For t h e  c l a s s  dN, , t h e  t o t a l  number of molecules undergoing
5
c o l l i s i o n s  p e r  u n i t  t ime i s  given by equation (2.12b) as 
where 0, , defined by equation ( 2 . 1 2 c ) ,  i s  t h e  f r a c t i o n  of t h e  number 
5
dI+ t h a t  undergo c o l l i s i o n s  p e r  u n i t  t ime ( c f .  eq. ( 2 . 3 ~ ) ) .
5 For t h e  c l a s s  dN t h e  t o t a l  number of molecules undergoing
ecp ’ 
c o l l i s i o n s  p e r  u n i t  t i m e  i s  
which t h e r e f o r e  de f ines  0 as t h e  f r a c t i o n  of  t h e  number dN t h a t  
0cp 04)
undergo c o l l i s i o n s  i n  u n i t  t ime ( c f .  eq. ( 2 . 3 ~ ) ) .  
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For t h e  class '  dNp, t h e  t o t a l  number of molecules undergoing 
c o l l i s i o n s  p e r  u n i t  t ime i s  
which t h e r e f o r e  def ines  0 
cp 
as t h e  f r a c t i o n  of  t h e  number dNv3 t h a t  
undergo c o l l i s i o n s  i n  u n i t  t ime ( c f .  eq. ( 2 . 3 ~ ) ) .  
For t h e  c l a s s  dN, t h e  t o t a l  number of molecules undergoing 
c o l l i s i o n s  p e r  u n i t  t i m e  i s  
which def ines  0 as t h e  f r a c t i o n  of t h e  number d N  t h a t  undergo 
c o l l i s i o n s  i n  u n i t  t i m e  ( c f .  eqs .  (2 .32)  and ( 2 . 1 3 b ) ) .  
_ _  . - .3-. 6.-. Tota l  Number. of Moxcules. Undergoing "Inverse. Col l i s ions"~ Per  
~ 
Unit Time-Corresponding t o  Each Class of Molecules 
. .  . .  . ~ _  __ . ~ 
For t h e  c l a s s  dN+ t h e  t o t a l  number of molecules undergoing
5 
"inverse c o l l i s i o n s "  (molecules t h a t  end up i n  t h e  c l a s s  dN, a f t e r  t h e  
5
c o l l i s i o n )  p e r  u n i t  t i m e  i s  given by equation ( 3 . 3 ~ )as 
where 04 defined by equation ( 3 . 3 d ) , i s  t h e  f r a c t i o n  of t h e  number 
6
dN+ t h a t  are p u t  i n t o  t h e  c l a s s  dN, pe r  u n i t  t i m e  by c o l l i s i o n s .  
5 4 
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For t h e  c l a s s  dN the t o t a l  number of molecules undergoing
eq> ' 
i nve r se  c o l l i s i o n s  t h a t  end up i n  (E ' , dx )  w i t h  molecular v e l o c i t y  i n  
t h e  d i r e c t i o n  range ( e ,  @, dil
0 8  
) p e r  u n i t  t ime i s  
which de f ines  0' as t h e  f r a c t i o n  of t h e  number dN
e 9  
t h a t  are put i n t o
89 
t h e  c l a s s  d N  ecp p e r  u n i t  t ime owing t o  c o l l i s i o n s .  
For t h e  c l a s s  dNq , t h e  t o t a l  number of molecules undergoing inve r se  
c o l l i s i o n s  t h a t  end up i n  (;,a/r) with molecular v e l o c i t y  i n  t h e  direc­
t i o n  range (q,dilp) p e r  u n i t  time i s  
which def ines  0' as t h e  f r a c t i o n  of t he  number dN9 t ha t  a r e  put  i n t oQ
t h e  c l a s s  dNq p e r  u n i t  t i m e  owing t o  c o l l i s i o n s .  
For t h e  c l a s s  dN, t h e  t o t a l  number of molecules undergoing inve r se  
c o l l i s i o n s  i n  (?,dy) per  u n i t  t i m e  i s  
which def ines  0' as t h e  f r a c t i o n  of t h e  number d N  t h a t  undergo c o l l i s i o n s  
p e r  u n i t  t ime, and i s  t h e r e f o r e  equal  t o  0 ,  a well-known r e s u l t  (see 
§ 3.12 below). 
30 
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3.7.1 Defi n i t i o n - g r p p e r t y - d e n s i t y  
-___for each class 

+ +
For any molecular property $(ry5,t) (cf. § 2.2.3 above and § 3.7.2 
below) one can define expressions for the density distributions of the 

property $ for each class. 
For the class dN+ the density of the molecular property $ per
5 
unit volume of configuration space and per unit volume of velocity space 

is defined simply as 

+ +  
@-+(r,t;,t) 5 = $f ( 3.20a)
5 
For the class dN the density of the molecular property $ 
erg ’ -+ 
per unit volume of configuration space at r and per unit solid angle 
of velocity space at 0 ,9 is defined as 
For the class dN,p the density of the molecular property 4 per 
+
unit volume of configuration space at r and per unit solid angle of 
velocity space at angle Q (integrated over all e )  is defined as 
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For t h e  c l a s s  dN, t h e  dens i ty  of t h e  molecular property 4 per  
+
u n i t  volume of configurat ion space at r i s  def ined  as 
3.7.2 	 Spec i f i c  examples of molecular p r o p e r t i e s  of i n t e r e s t ,  
and t h e i r  dens i ty  d i s t r i b u t i o n s  i n  each c l a s s  
Examples of  molecular p rope r t i e s  t h a t  may be of  p a r t i c u l a r  i n t e r e s t  
a r e  : 
4 = 4, ( a )  = - + + + +  + R= e,e,e, ...e, 5 , R=0,1,2,... ( 3.21a)- < < < . . . E  
E 	 R t i m e s  5 5 5  5 -
(which i s  a t enso r  of order  R ) ,  
' For any two Cartesian t enso r s  of  second order  o r  h igher ,  say 
2 3 
t h e  "double-dot" product i s  def ined by 
where t h e  components A ij and B,, may themselves be  t enso r s  of zeroth 
32 
+ +  3 - f  + +
(where I 3 e e + e e + e e i s  t h e  u n i t  t e n s o r ,  or "idemtensor")
1 1  2 2  3 3  
4 = A$ ( t o  be def ined below i n  5 3.11)
5 
A 
d = 4 %  (3.21h) 
5 
h 
4 = 40: (3 .21 i )  
5 
h 
where (J may be any o t h e r  molecular property.  Some of t h e s e  examples are 
discussed and t h e  property d e n s i t i e s  f o r  each c l a s s  i n d i c a t e d  below. 
The number dens i ty  i n  each c l a s s  i s  found by t a k i n g  4 from equation 
(3.21a)  with R = 0 and using equations (3 .20 ) .  Thus, with r$ = 4'') = 1,-t 
orde r  o r  higher ,  i . e . ,  s c a l a r s ,  v e c t o r s ,  o r  higher-order t e n s o r s .  The 
orders  of t h e  component t e n s o r s  A i j  and Bk, are by d e f i n i t i o n  two 
o rde r s  lower than  t h e  o rde r s  of t h e  t e n s o r s  A and B r e s p e c t i v e l y ;  
i f  A and B a r e  second-order t e n s o r s ,  then t h e  components Aij  and 
are s c a l a r s .  
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n n m 
d.Nn ( G , t )  = I dq( s incp )  I d0 I f c2 dc = - (3.22d) 
0 -n 0 
I n  p a r t i c u l a r ,  may be  denoted as t h e  " d i r e c t i o n a l  number densi ty"  
(which i s  t h e  same as nq i f  f does not vary wi th  e ) .  
The m a s s  d e n s i t y  i n  each c l a s s  i s  found by t a k i n g  4 from equation 
(3.21b) wi th  R = 0 and using equations (3.201, o r  by simply mult iplying 
each of  equations (3.22) by t h e  molecular m a s s ,  m ,  t o  ob ta in ,  r e s p e c t i v e l y ,  
The quan t i ty  p fw may be denoted as t h e  " d i r e c t i o n a l  m a s s  densi ty ."  
c l a s s  = @ c l a s s  wi th  4 given by equation (3 .21b) ,If we de f ine  0 " )  
where t h e  property d e n s i t i e s  
Qclass a r e  de f ined  by equations ( 3 . 2 0 ) ,  then 
The momentum dens i ty  ( o r  mass f lux)  i n  each c l a s s  i s  found by t a k i n g  
-k
from equat ion (3.21b) with R = l  ( $ = m < )  and us ing  equations (3.20) t o  




The quan t i ty  @ ( ' )  could be  denoted as t h e  " d i r e c t i o n a l  momentum density"
84) 
(or as t h e  "d i r ec t iona l  f lux of mass"). 
The energy dens i ty  i n  each c l a s s  i s  found by t ak ing  0 f r o m  equation 
1( 3 . 2 1 ~ )with R=2 ( @  = , m e 2 )  and using equations (3.20)  t o  obta in :  
1 








fE4d5-2 1: @ (
2 )  d p ( s i n q )  de , m f c 4 d t  = - m  
0 -rI 0 -rI 0 
The quant i ty  ca l cu la t ed  i n  equation (3.25b) may be denoted as t h e  "direc­
t i o n a l  energy density." 
The quant i ty  
( 3 . 2 6 )  
i s  t h e  "d i r ec t iona l  f lux of momentum." The quan t i ty  
i s  t h e ' h i r e c t i o n a l  f lux of energy." 
By tak ing  0 from equat ion (3.21g) and using equations (3.20)  one 
obta ins  for each c l a s s  t h e  dens i ty  of t h e  molecular property C$ or t h e  




i s  t h e  d i r e c t i o n a l  flux of t h e  molecular proper ty  m $+	(a-1) as def ined 
5i n  equat ion (3.21b) wi th  (3.21a) ( t h e  d i r e c t i o n a l  dens i ty  of t h e  l a t t e r  
property being mk-1) ) .  
By tak ing  4 from equations (3.21h) or (3 .21 i )  and using equations 
h 
(3 .20)  one obta ins  for each c l a s s  t h e  dens i ty  of t h e  property 4 respec­
t i v e l y  l o s t  or gained per  u n i t  t i m e  by each c l a s s  owing t o  c o l l i s i o n s .  ,.
For example, with $=l ($=El -t), equations (3 .20)  g ive  t h e  number dens i ty  
of molecules undergoing c o l l i s i o n s  pe r  u n i t  t ime f o r  each c l a s s  
( r e spec t ive ly :  d ( i  )-+/a% dT; d ( i c ) s / d y  angq; d(Nc)q/d9/, ailT; and
c 5  
&,/d%; c f .  eqs.  (3 .18) ) .  
3.8 	 Average Values of Molecular P rope r t i e s  f o r  Each Class 
of Molecules 
+ - +For any molecular property + ( r ,< , t )*an average value of t h e  
property possessed by t h e  molecules of each c l a s s  i s  def ined by 
where t h e  @clas s  a r e  def ined by equations (3 .20)  f o r  each I$ and t h e  
nc l a s s  a r e  def ined by equations ( 3 . 2 2 ) .  I n  9 2.23, only t h e  averages f o r  
t h e  c l a s s  d N  ( a l l  molecules i n  ($,dy);thus  averaged over a l l  2) 
were considered. However, t h e  d e f i n i t i o n  (3.29)  can apply t o  any of t h e  
four  c l a s ses  def ined i n  s 3.4. 
-+
The subsc r ip t s  5 ,  89, q are used t o  i n d i c a t e  what p a r t  of t h e  
molecular v e l o c i t y  t h e  r e s u l t i n g  quan t i ty  can be a func t ion  o f .  
36 

The average va lue  of 9 f o r  t h e  molecules i n  t h e  c l a s s  dN+ i s  
5
the re fo re  
The average va lue  of 9 f o r  t h e  molecules i n  t h e  c l a s s  dNeq i s  
W 
The average value of 9 f o r  t h e  molecules i n  t h e  c l a s s  dNes i s  
m 
-n 0 
The average value of $ f o r  t h e  molecules i n  t h e  c l a s s  dN ( c f .  eq. 
( 2 . 1 4 ) )  i s  
IT n W 
Note t h a t  i n  equations (3.30)  t h e  quant i ty  @clas s  corresponding t o  any 
+ +
molecular property + ( r ,< , t )  i s  def ined by equations (3 .20) .  
P a r t i c u l a r  average values  of i n t e r e s t  a r e  discussed i n  5 5  3.9, 3.10, 
and 3.11. One p a r t i c u l a r  average value t h a t  i s  convenient t o  use i s  
def ined by tak ing  9 = 5a (eq .  (3 .21d))  and using equations (3 .30) ;  
thus  def ine  
v( a )  E <E> 






( 3 . 3 1 ~ )  
( 3 . 3 ~ 1 )  
The quan t i ty  v ( ' ) E G >  has a l ready  found use  i n  Chapter 11. For t h e  
case R = l ,  it i s  o f t e n  convenient t o  omit t h e  s u p e r s c r i p t ;  thus  
Vc l a s s  
z v
c l a s s  
(3 .31e)  
3.9 Col l i s ion  Frequency Per Molecule of Each Class 
For each of t h e  c l a s ses  def ined i n  5 3.4, t h e  t o t a l  number i n  t h e  
c l a s s  t h a t  undergo c o l l i s i o n s  i n  u n i t  t ime w a s  found i n  § 3.5.  A l s o  
def ined i n  § 3.5 were t h e  q u a n t i t i e s  OclaSs, which represent  t h e  f r a c t i o n  
of t h e  t o t a l  number of t h e  c l a s s  t h a t  undergo c o l l i s i o n s  i n  u n i t  t ime. 
asS t a r t i n g  with 0+ , defined i n  equation ( 2 . 1 2 ~ ) ~  t h e  molecular property
E 





( c f .  eqs.  ( 2 . 1 3 ~ )and ( 2 . 1 9 ) ) .  
3 . 1 ~ " I n v e r s e - C o l l ~ i s i o n. . .  .-- F r e g u e x "  Per Molecule of Each Class 
For each of t h e  c l a s ses  def ined i n  § 3.4,  t h e  t o t a l  number of mole­
cules  undergoing inverse  c o l l i s i o n s  i n  u n i t  t ime t h a t  end up i n  t h e  c l a s s  
w a s  found i n  § 3.6. Also def ined i n  § 3.6 were t h e  " inverse c o l l i s i o n  
frequencies,  0'c l a s s  f o r  each c l a s s ,  which represent  t h e  f r a c t i o n  of t h e  
t o t a l  number i n  t h e  c l a s s  t h a t  undergo inverse  c o l l i s i o n s  i n  u n i t  t ime. 
S t a r t i n g  with @i, defined by equation ( 3 . 3 d ) ,  as t h e  molecular property 
4 ,  one f inds  from equations (3 .19)  and (3 .30)  t h a t ,  f o r  each c l a s s ,  




Free  Path for Each Class, Including Di rec t iona l  
Mean Free Pa th  
According t o  t h e  d e f i n i t i o n  ( 2 . l a )  (and with use o f  eq. ( 3 . 3 2 ) ) ,  
t h e  mean f ree  pa th  measured r e l a t i v e  t o  t h e  observer ( o r  t h e  "absolute  
m e a n  f ree  path"; c f .  eq. ( 2 . 2 2 ) )  f o r  each c l a s s  i s  
(3.36)  . 
Thus f o r  molecules i n  t h e  c l a s s  d..N+ , t h e  abso lu te  mean f r e e  path i s  
5 
(For a gas composed of r i g i d  e l a s t i c  spheres i n  equi l ibr ium, t h i s  f r e e  
pa th  i s  given by eq. ( 8 )  on page 95 i n  Chapman and Cowling (1961). Note 
tha t  c i n  t h e i r  n o t a t i o n  i s  5 i n  p re sen t  n o t a t i o n . )  
For molecules i n  t h e  c l a s s  dNe9 ' 
t h e  abso lu te  mean f r e e  pa th  i s  
W 
For molecules i n  t h e  c l a s s  t h e  abso lu te  mean f r e e  pa th  i s  
mq ' 
TI W 
-rI o c 
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For molecules i n  t h e  c l a s s  dN ( c f .  eq. ( 2 . 2 2 ) ) ,  t h e  absolu te  mean 
free path i s  
Note t h a t  f o r  t h e  c l a s s e s  dN+ and dN one can def ine  a vec tor
5 OP 
mean f r e e  path by: 
+ 
Ei the r  t h e  vec tor  A* ecp o r  i t s  magnitude, A*w ' may be denoted as t h e  
d i r e c t i o n a l  mean f r e e  pa th .  Note a l s o  t h a t  i f  f does not depend on 





It may a l s o  be convenient t o  def ine  an average absolu te  f r e e  path 
ca l cu la t ed  i n  a d i f f e r e n t  way, def ined by: 
'class <At>class (3 .39)  
thus  : 
41 

m h a n g e f o r  MolecglarfPrope 
f o r  Each Class of Molecules~~ 
- 5 - t
For any molecular proper ty  +(r ,c , t )  one can w r i t e  an equation -of 
change f o r  t h e  proper ty  dens i ty  'c lass  = nc l a s s  < $ > l a s s  f o r  each of 
t h e  fou r  c l a s ses  of molecules def ined  i n  § 3.4,  equat ions (3.17). These 
w i l l  be of use ,  p a r t i c u l a r l y  f o r  the c l a s s  dNw i n  t h e  d i r e c t i o n a l  
l e v e l  of desc r ip t ion ,  i n  5 4.1. For convenience i n  the  following develop­
ments it i s  assumed t h e r e  are no ex te rna l  body fo rces  a c t i n g  on a molecule 
o ther  than  those  involved i n  t h e  i s o l a t e d  molecular encounters ,  t h a t  i s ,  
-t
F = 0 .B 
3.12.1 Equation of change f o r  number dens i ty  i n  each c l a s s  
For molecules i n  t h e  c l a s s  dN+ , on t h e  k i n e t i c  l e v e l ,  the  equation
5 
of change f o r  dN+ i s  given by (3 .6b ) .  T h a t  equation i s  divided by
5 
d'Y, d% t o  ob ta in  an equation of change f o r  t h e  number dens i ty  i n  phase 
+ +  
space, n j
5 
E f ( r ,E , t )  (eq .  (3 .71,  a form of t h e  Boltzmann equat ion) :  
I n  equation (3 .41a ) .  8, f i s  the  probable number dens i ty  of molecules 
5 
l o s t  from (G,dv),(t,d$') 
5 
per  u n i t  t ime because of c o l l i s i o n s ,  and- r 
0: f i s  t h e  probable number dens i ty  of molecules gained by (:,dy), 
5 
because of c o l l i s i o n s  ( s e e  5 5  3 .5  and 3 .6 ) .(t,d"y) 
For t h e  c l a s s  dN equation (3.6b)  i s  i n t e g r a t e d  over a l l  v e l o c i t yea 
magnitudes, 5 , from 0 t o  i n f i n i t y ,  then  divided by d? dQeq t o  
obtain an equation of change f o r  t h e  number dens i ty  n ( ? , e , q , t ) ,  t h e  
OQ 
probable number of molecules pe r  u n i t  volume of configurat ion space a t  
+ 
r and per  u n i t  s o l i d  angle of molecular-velocity space,  i n  the  d i r e c t i o n  
0 , q  : 
.- -.-.-..-... .... .._ .,.,1.1.1 I. I I  11.1 I I 11----- I I ' 
5 
I n  equation (3.41b) ,  n is  t h e  probable number l o s t ,  owing t o  
ecp ' e q  -+
c o l l i s i o n s ,  per  u n i t  time, per  u n i t  volume a t  r ,  and per  u n i t  s o l i d  angle  
of v e l o c i t y  space i n  t h e  d i r e c t i o n  8 ,  Q ; neq i s  t h e  probable 
number gained, owing t o  c o l l i s i o n s ,  per  u n i t  t i m e ,  pe r  u n i t  volume a t  
+ 
r ,  and pe r  u n i t  s o l i d  angle of v e l o c i t y  space i n  t h e  d i r e c t i o n  e ,  Cp 
(see 5 5  3.5 and 3 .6 ) .  
For t h e  c l a s s  dNq , equation (3.6b) i s  i n t e g r a t e d  over a l l  v e l o c i t y  
magnitudes 6 from 0 t o  i n f i n i t y  and over a l l  e from -II t o  II, 
then  divided by d K  dQq t o  ob ta in  an equation of change for t h e  number 
-+ 
dens i ty  nq( r,9),t), t h e  probable number of molecules pe r  u n i t  volume a t  
+ 
r and per  u n i t  s o l i d  angle  of v e l o c i t y  space i n  t h e  d i r e c t i o n  (averaged 
over a l l  e ) :  
I n  equation ( ? , . h e ) ,  nq i s  t h e  probable number l o s t ,  owing t o  c o l l i ­
-+
s ions ,  per  u n i t  t i m e ,  pe r  u n i t  volume a t  r ,  and per  u n i t  s o l i d  angle i n  
ve loc i ty  space i n  t h e  d i r e c t i o n  of (Q(averaged over a l l  e ) ;  nQ 06 i s  t h e  
probable number gained, owing t o  c o l l i s i o n s ,  per  u n i t  t i m e ,  per  u n i t  
+
volume a t  r ,  and per  u n i t  s o l i d  angle of v e l o c i t y  space i n  t h e  d i r e c t i o n  
Q (averaged over e )  ( s e e  5 5  3.5 and 3 . 6 ) .  
+For t h e  c l a s s  dN, equat ion (3 .6b)  i s  in t eg ra t ed  over a l l  5 ;  t h a t  
i s ,  over a l l  5 from 0 t o  i n f i n i t y ,  over a l l  e from -TI t o  n ,  and 
over a l l  Q, from 0 t o  II; then divided by Hr t o  ob ta in  an equation 
of change f o r  t h e  number dens i ty  n(; , t) ,  t h e  probable number of molecules 
+ 
per  u n i t  volume at  r: 
I n  equation (3 .41d) ,  n 0 i s  t h e  t o t a l  number dens i ty  of molecules under­
going "d i r ec t  c o l l i s i o n s "  pe r  u n i t  t i m e ,  which i s  the-same as t h e  t o t a l  
number dens i ty  of molecules unaergoing " inverse c o l l i s i o n s "  per  u n i t  t i m e ,  
n 0' ( s e e  5 5  3.5 and 3.6) .  
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3.12.2 	 Equations of  change- fo=@er molecular-
p rope r ty  d i s t r i b u t i o n s  i n  each c l a s s  
For any o t h e r  molecular property,  t h e  equat ions of change for each 
c l a s s  of molecules def ined i n  s 3.4 are found as fol lows:  
For t h e  c l a s s  dN+ , t h e  dens i ty  d i s t r i b u t i o n  of the  property
+ +  5 
+(r,c, t)  i n  phase space i s  (eq.  ( 3 . 2 0 a ) ) :  
To ob ta in  an equation of change f o r  t h e  d i s t r i b u t i o n  $ f ,  multiply 
equation (3.41a) by + (wher? + may be a t e n s o r  of any o r d e r ) :  
and rearrange i n  t h e  form 
To ob ta in  equations of change f o r  t h e  property-density d i s t r i b u t i o n s  
i n  each of t h e  o the r  t h r e e  c l a s s e s ,  mu l t ip ly  equation (3.42a) by 
d Y  = t 2  dE de s i n  cp dcp and i n t e g r a t e  f i r s t  over d5 , t hen  over de,5 
then over dg t o  o b t a i n  r e s p e c t i v e l y  t h e  r e s u l t s :  
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I n  each of equations (3.42a, b ,  c y  d)  t h e  f i r s t  t e r m  on t h e  r i g h t  
s i d e  i s  t h e  dens i ty ,  f o r  t h e  c l a s s ,  of t h e  molecular property + gained 
by t h e  r e spec t ive  c l a s s  of molecules owing t o  c o l l i s i o n s ,  and t h e  second 
term on t h e  r i g h t  s i d e  i s  t h e  dens i ty ,  f o r  t h e  c l a s s ,  of t h e  molecular 
property + l o s t  from t h e  r e spec t ive  c l a s s  owing t o  c o l l i s i o n s .  
Note t h a t  equations (3.42)  a l l  have a very s i m i l a r  form and t h a t  
+
equation (3.42d) i s  Enskog's genera l  equation of change (wl th  FB = 0 ) .  
(See,  e .g . ,  Hi rschfe lder ,  Cur t i s s ,  and Bi rd ,  1964, p .  460.) 
1For t h e  p a r t i c u l a r  cases of +=my +=me+ , and $= pc2 ( t h e  
summational i nva r i an t s  of a c o l l i s i o n )  one obta ins  from (3.423) a form 
of t h e  conservation equations of gasdynamics ( f o r  which<$ (0 ;  - O+)> = 0):
5 5 
& + vr - r p < i ) 1  = p<OA
5 
- @+> = 0 (3.43a)
a t  5 
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CHAPTER I V  
PRELIMINARY F0RMUT;ATION OF THE 
DIRECTIONAL-MEAN-FREE-PATH METHOD 
nal-Mean-Free-Path Approximation f o r  t h e  "Gain--
Term" C o l l i s i o n  I n t e g r a l s  i n  Flows Fa r  From Boundaries 
I n  t h i s  s e c t i o n  a model f o r  t h e  "gain-term" c o l l i s i o n  i n t e g r a l s  i s  
proposed t h a t  s i m p l i f i e s  t h e  t reatment  on t h e  d i r e c t i o n a l  l e v e l  of 
d e s c r i p t i o n ;  t h a t  i s ,  i n  considerat ion of t h e  c l a s s  d N  eg, ( c f .  5 3 .4 ) ,  
or t h e  c l a s s  of  molecules i n  (:,dv) with molecular v e l o c i t y  i n  t h er 
d i r e c t i o n  range ( e Y  CpY dQeeg). 
Up t o  t h i s  p o i n t ,  a l l  developments and d e f i n i t i o n s  made have been 
completely r igorous and formal,  with no approximations made o the r  t han  
those  involved i n  assuming v a l i d i t y  of Boltzmann's equation i n  t h e  form 
-+
of equation ( 3 . 7 ) ,  w i th  FB subsequently taken t o  be  zero.  
The model t o  be  proposed he re  involves  a p h y s i c a l l y  i n t u i t i v e  approxi­
mation of t h e  "gain t e r m "  of t h e  c o l l i s i o n  i n t e g r a l s  i n  equations (3.41b) 
and (3.42b) .  It makes use  of t h e  concept of t h e  d i r e c t i o n a l  mean f r e e  
pa th ,  introduced i n  § 3.11. The form of t h e  approximations w i l l  be  seen 
t o  be p a r t i c u l a r l y  amenable t o  t reatment  by c e r t a i n  gene ra l i za t ions  of 
Lagrange's expansion, t o  be developed i n  Chapter V and t o  be  appl ied i n  
Chapter V I .  
The equation of change f o r  d N  ecp , or f o r  n eQ ' 




where d(Nc)ecp i s  t h e  t o t a l  probable number of molecules undergoing 
c o l l i s i o n s  p e r  u n i t  time i n  ( ; ,dY),(9,  Q ,  dneq), and hence l o s t  from 
+
( r , d y  ) and t h e  sol id-angle  range of v e l o c i t y  ( 0 ,  Cp , dag@) p e r  u n i t  r 
t i m e  because of c o l l i s i o n s ;  and d(NA)ecp i s  t h e  t o t a l  probable number of 
molecules undergoing " inverse c o l l i s i o n s "  t h a t  occur elsewhere i n  phase 
space ( i . e . ,  o t h e r  t han  i n  any d y  dT wi th in  ( f , d y )  , ( e ,  Cp, dQeq)) 
t h a t  are p u t  i n t o  ( ; ,dy)  ,( 8 ,  Cp, dRep) i n  u n i t  t i m e  a t  time t because 
of c o l l i s i o n s .  
4.1.1 D e f s L o n s  and assumpb-ions- of- t h e  directional-mean­_--_.__-
free-pathappxoximatign f o r  t h e  ga in  term- -
The a i m  of t h e  directional-mean-free-path approximation i s  t o  r ep lace  
t h e  d i f f i c u l t  ga in  term on t h e  d i r e c t i o n a l  l e v e l  by an appropr i a t e  corres­
ponding loss  term. 
The inve r se  c o l l i s i o n s  a l l  occur i n  elements of phase space,  d y  d y ,
-+
back i n  t h e  d i r e c t i o n  -e a t  loca t ions  w i t h i n  t h e  s o l i d  angle opposi teecp -+ 
t o  ( 9 ,  8 ,  dR ) from t h e  po in t  r ( see  f i g .  4 . 1 ) .
9cp
One may t h i n k  of t h e  gain term i n  equation ( 4 . 1 )  , t h e r e f o r e ,  as 
r e s u l t i n g ,  on t h e  average, from c o l l i s i o n s  occurr ing a t  a d i r e c t i o n a l  mean- -+
f r e e  p a t h ,  ?,* , back from t h e  po in t  r i n  t h e  s o l i d  angle equal  t o- e$ 
about -e 
99 
and a t  a mean c o l l i s i o n  t ime i n  t h e  p a s t  (corresponding-
t o  t h i s  d i r e c t i o n ) ,  1/0 . Let t h e  r e p r e s e n t a t i v e  midpoint and t ime of-0Cp -+ -
t h e  inverse c o l l i s i o n s  be  denoted by r and t ,  def ined i m p l i c i t l y  by 
+ - +  -+
r + ? , *  = r ( 4:2a)
9cp 








a r e  r e s p e c t i v e l y  the  d i r e c t i o n a l  abso lu t e  mean 
free pa th  and mean c o l l i s i o n  t i m e  t h a t  are c h a r a c t e r i s t i c  of the d i r e c t i o n- ­-+8 ,cp at t h e  point  r and a t  t i m e  t . 
The number of molecules,  d(?!iL)ep , put  i n t o  (;,as) w i t h  v e l o c i t y  
d i r e c t i o n  i n  (e,~,dQeQ) a t  t i m e  t .per u n i t  t ime owing t o  c o l l i s i o n s  
i s  accordingly assumed t o  b e  emit ted p e r  u n i t  t ime from c o l l i s i o n s  i n- -
($,a%) w i t h  average v e l o c i t y  ve9 5 <g>eq wi th  d i r e c t i o n  i n  (e,@,dQw )-
at  t i m e  t .  The appropriateness  of t h i s  assumption can be  seen from 
f i g u r e  4.2 and t h e  following considerat ions:  The volume (? ,de/)  i s  r 
equal  i n  s i z e  t o  t h e  volume ( ? , d Y ) .  L e t  B denote t he  area, i n  t h e--+
plane perpendicular  t o  e a t  po in t  ?, t h a t  subtends the s o l i d  angle  
I 
-+ ecP -+
d R  
e4J 
from t h e  po in t  r ,  with p o i n t  r i n  t h e  c e n t e r  of area B. Thus 
I 
B = ( A *  I2 dR ecp ecp 
-+
L e t  d w  be  t h e  s o l i d  angle ,  centered a l s o  at p o i n t  r ,  and subtended by 
I 
t h e  c ros s - sec t iona l  area of t h e  volume ( ? , d q ) ;  denote t h e  cross  s e c t i o n  
of ( 2 , d f )  by dB, so  t h a t  
L e t  t h e  r a t i o  of dReP t o  d w  be j; t hus  





Solid angle containing all locations 
of collisions that put molecules 
into (Tdy,.), ( 8,cp,di20p 1 
Figure 4 . 1  - Sol id  angle containing inverse-collision locations ; 




"\Area dB=( 2 d w  
Figure 4.2 - Sketch for description of directional-mean-free-path 
approximation. 
- -  
Now d iv ide  t h e  area B i n t o  j equal  p a r t s ,  dB, so  t h a t  each subtends 
+ 
a s o l i d  angle  aW from t h e  po in t  r .  Consider t h e  s m a l l  volume dx 
centered on each of  t h e  j s m a l l  areas, dB. Each of  t h e s e  j elements 
-f
has a cone of s o l i d  ang le  dS2 i n  t h e  d i r e c t i o n  e . Each of t h e s e  
+ 
cones i s  subtended by a s u r f a c e  A i n  the  p lane  t h a t  
8 0  
w etp
i s  normal t o  e 
+
and passes  through t h e  po in t  r .  Each of t h e s e  areas, A,  i s  equal t o  
B, and each A m a y  be divided i n t o  j equal  p a r t s ,  dA = dB, one of-
which contains  t h e  cross-sect ion of ( ? , d y ) .  The number of molecules 
emit ted p e r  u n i t  t i m e  i n  (0,q,dfiW) with average v e l o c i t y  ? from each 
eq, 
d K  i s  assumed t o  be  d(") . A f r a c t i o n ,  l / j ,  of t h i s  number pe r
c + w  
u n i t  t ime i s  received by (ry6Y) a t  t i m e  t = 3 + 1/6 from,each of ecp 
t h e  j volume elements d y  on a r e a  B .  Hence (;,d?/,) r ece ives  
j ( l / j ) d ( f i A ) e q  = d(iA)e(p molecules p e r  u n i t  t ime a t  t ime t with v e l o c i t y  
d i r e c t i o n  i n  (e,c#!,dQw), where d(NA)ecp i s  a l s o  t h e  number o r i g i n a l l y  
assumed t o  be  emit ted from ( ? , d y )  by c o l l i s i o n s  p e r  u n i t  t ime at  t ime 
t with v e l o c i t y  d i r e c t i o n  i n  ( 0 ,q,dQgq).  
It i s  s i g n i f i c a n t  t h a t ,  on t h e  average, t h e  d ( N ' )  molecules, assumed 
ecp
t o  be emitted from ( 5 , d Y )  i n  (0,q,ds2 
8(P
) p e r  u n i t  t ime a t  t i m e  t ,  ­+ 
t o  po in t  r i n  t h e  t ime i n t e r v a l  1/6 = i st r a v e l  %he d i s t ance  i&, w _ea/v W'  
where L/6 i s  t h e  average frequency of d i r e c t  c o l l i s i o n s  a t  ?, t 
ecp
i n  d i r e c t i o n  range ( 8 ,  q ,  aneq). Note t h a t  d(iA)8q i s  y e t  t o  be 
determined. 
4.1.2 Directional-average c o l l i s e n - m o d e l s  t o  be used with t h e  
-directional-mean-free-path approximation- for_Jhe ga in  term 
For t h e  d i r ee t  ional-me an- f ree-path approximation p a r t i a l l y  i n t  r odueed 
above, a l l  t h e  d(fi;)89 molecules have been assumed, on t h e  average, t o-
be  emit ted from c o l l i s i o n s  t a k i n g  place wi th in  (3 ,dY) a t  t i m e  t ,r 
p e r  u n i t  t i m e .  This number d(")
c 00 
must now be  est imated i n  some way. 
For t h i s  e s t ima te ,  j u s t  as ($,a%) w a s  taken t o  be  a s m a l l  volume at  a 
r-eJresentat- average l o c a t i o n  i n  which t h e  i n v e r s e  c o l l i s i o n s  occur , s o  
t h e r e  i s  a l s o  now assumed t o  be  some r e p r e s e n t a t i v e  ave.rage d i r e c t i o n  
t h a t  t h e  d(ir)Og molecules had be fo re  t h e  " inverse c o l l i s i o n s "  i n  
-($,dT) at  t ime 5 t h a t  r e s u l t e d  i n  t h e  f i n a l  average v e l o c i t y  '0s =ci;>eq 
i n  t h e  d i r e c t i o n  range (e,Q,dQw). The number d(Nh)O,p i s  est imated 
i n  terms of a r e p r e s e n t a t i v e  average d i r e c t i o n  ( e f , @ )  ( s e e  f i g .  4.3) 
f o r  t h e  d ( t ' )  molecules be fo re  c o l l i s i o n  i n  (%,a<) a t  t ime t ,
c ecp 
p e r  u n i t  t i m e ,  according t o  one of s e v e r a l  "direct ional-average c o l l i s i o n  
models'' f o r  t he  ga in  term, as descr ibed below i n  § §  4.1.2.1,  4.1.2.2, and 
4.1.2.3. These models f o r  t h e  ga in  t e r m  simply r ep resen t  approximate 
ways of eva lua t ing  t h e  r e p r e s e n t a t i v e  d i r e c t i o n  e ' , @  and of r e l a t i n g  
t h e  gain term c o l l i s i o n  i n t e g r a l ,  i n  t h e  directional-mean-free-path approxi­
mation, t o  a corresponding l o s s  term, which i s  e a s i e r  t o  deal  w i t h .  The 
r e s u l t i n g  c o l l i s i o n  i n t e g r a l s  must then s t i l l  be  evaluated i n  terms of 
some process of molecular i n t e r a c t i o n ,  w i t h  some assumed rep resen ta t ion  of 
a molecular- interact ion p o t e n t i a l ,  t o  be considered i n  § §  4.1.3 and 4.3.3. 
* 
Thus, t h e  number pe r  u n i t  t i m e ,  d ( t ' )  eqy i s  t o  be r e l a t e d  t o  d( f ic )Otqf  ,c 
t h e  number of molecules undergoing d i r e c t  c o l l i s i o n s  p e r  u n i t  t ime i n  
( P , d T )  a t  t ime and having i n i t i a l  v e l o c i t i e s  i n  t h e  solid angle 
-f 
range dQO,@' about e 
0'p' ' where ( c f .  eqs .  ( 3 . 1 0 ) )  
( 4 . 4 )  
i s  t h e  u n i t  vec to r  i n  t h e  d i r e c t i o n  0' ,cp'  . 
For any direct ional-average c o l l i s i o n  model t o  be discussed,  one 
a t  t i m ew i l l  f i r s t  need t o  consider t h e  number of molecules i n  (%,dy) 
% w i t h  v e l o c i t y  d i r e c t i o n  i n  ( 0 ' , ~ ' , d Q e l q I  ( s e e  f i g .  4 . 3 ) :  
(where t h e  d i r e c t i o n  0 ' q '  i s  y e t  t o  be def ined f o r  t h e  p a r t i c u l a r  
direct ional-average c o l l i s i o n  models).  During t h e  t i m e  i n t e r v a l  d t  
I 
a f t e r  t ime t ,  a f r a c t i o n ,  
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Figure 4.3 - Illustration f o r  directional-average collision models 
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111 I 111 I 111111I 111 I 
of t h i s  number undergo c o l l i s i o n s  with o t h e r  molecules t h a t  have 
average v e l o c i t y
%'p'- + +
=$ E ?($,%), where V( r,t) E <t>. Thus, t h e  number, 
out of t h e  o r i g i n a l  dNeIql , t h a t  undergo c o l l i s i o n s  i n  t i m e  d t  i s  
This number i s  s c a t t e r e d  i n  a l l  d i r e c t i o n s  and w i t h  a l l  v e l o c i t i e s  by t h e  
c o l l i s i o n s .  ( I n  t h e  center-of-mass frame of reference of each p a i r  of 
c o l l i d i n g  molecules , a t  l e a s t  f o r  ha rd  e l a s t i c  spheres , t hey  a r e  s c a t t e r e d  
i s o t r o p i c a l l y ;  c f .  J eans ,  1952. This has been a u s e f u l  concept i n  t h e  
formulation and i n t e r p r e t a t i o n  of t h e  BGK c o l l i s i o n  model; see Liepmann, 
Narasimha, and Chahine, 1962, p.1318.) 
For any direct ional-average c o l l i s i o n  model t o  be considered, it i s  
convenient t o  def ine c e r t a i n  " inve r se -co l l i s ion  f a c t o r s ,  " Z($,e ,q,t), 
by 
and i n  p a r t i c u l a r  
where $(') = C R  , R =0,1,2,... . 
111) one can denote Z = ZI) Z = 
(4.8a) 
(4.8b)  
For various c o l l i s i o n  models ( I ,  11, 
ZI1' or Z = ZI11 -
I n  terms of  t h e s e  def ined inverse c o l l i s i o n  f a c t o r s  , equations (3.41b) 




and f o r  any o t h e r  + ( r Y 5 , t ) ,  
= Z n- e 0' <+$>e 2p - neq <+">eq 
where, f o r  any func t ion  F ( T , e , q ~ , t ) ,  t h e  no ta t ion  F i n d i c a t e s :  
where -

I (4 .10)  
and where t h e  p a r t i c u l a r  c o l l i s i o n  model considered determines t h e  direc­
t i o n  0',q' corresponding t o  each 0 , q  and determines t h e  f a c t o r s  Z ,  
t o  be  considered below. 
A p a r t i c u l a r  c o n s t r a i n t  t o  be s a t i s f i e d  by t h e  c o l l i s i o n  models should 
be  noted: Since i n  l o c a l  t r a n s l a t i o n a l  equi l ibr ium (wi th  a l o c a l  Maxwellian 
molecular-velocity d i s t r i b u t i o n  func t ion )  t h e  sum of t h e  c o l l i s i o n  terms 
on t h e  r i g h t  s i d e  of t h e  Boltzmann equation ( e . g . ,  i n  t h e  form (3 .41a ) )  
vanishes,  t h e  r i g h t  s i d e  of each of  t h e  i n t e g r a l s  of t h a t  equat ion,  
equations ( 4 . 9 ) ,  must a l s o  vanish i n  equilibrium. It i s  evident  t hen  
t h a t  t h e  s p e c i f i c a t i o n  of  t h e  c o l l i s i o n  models should al low,  i n  t h e  
+ +
l i m i t i n g  condi t ion of equi l ibr ium, ee lq' t o  become coincident  with ee(?J 
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and each Z t o  become un i ty .  The task i n  t h e  remainder of t h i s  s e c t i o n  
i s  t o  consider var ious  direct ional-average c o l l i s i o n  models for determining 
-f 
ee lql and t h e  corresponding f a c t o r s  Z t h a t  s a t i s f y  t h e s e  condi t ions.  
4.1.2.1 The s implest  direct ional-average c o l l i s i o n  model,- I 
The molecules whose number i s  given by equations ( 4 . 7 ) ,  s c a t t e r e d  out-
of d'elqi' i n  a l l  d i r ec t ions  during d t  by c o l l i s i o n s  i n  (:,dy), 
t end  t o  favor  t h e  o r i g i n a l  d i r e c t i o n  before  c o l l i s i o n  (even though t h e  
co l l i d ing  molecules may be s c a t t e r e d  i s o t r o p i c a l l y  i n  t h e  frame of 
reference f i x e d  r e l a t i v e  t o  t h e  center  of m a s s  of each p a i r  of c o l l i d i n g  
of ~~molecules) because of t h e  e f f e c t  of p e r s i s t e n c e  - v e l o c i t i e s- ( c f .  Chapman 
and Cowling, 1961; Jeans ,  1952; and Present ,  1958) .  We the re fo re  t a k e ,  
f o r  t h e  s implest  model t o  consider ,  t h a t  t h e  r ep resen ta t ive  d i r e c t i o n  
before  t h e  c o l l i s i o n s  ( e '  , @ I )  i s  approximately t h e  same as (0,p). 
Then t ake  as a reasonable  i n t u i t i v e  assumption t h a t ,  on t h e  average, t h i s- -
number d(Nc)eg , s c a t t e r e d  out of ( ? , d y ) ,  (e,C?,dfleq) pe r  u n i t  t ime,  
can represent  approximately the  number put  i n t o  a volume d y  of t h e  same 
+
s i z e  a d i r e c t i o n a l  mean f r e e  path away a t  r = $ + I* (?,e,q,%) per  u n i t  
-+ - @Q c
t i m e  a t  t i m e  t = t+1 /0  e@( r , e , q , i ) ,  w i t h  f i n a l  v e l o c i t y  i n  t h e  s o l i d  angle-+ -+
(e,q,dflg) a t  r ,  owing t o  c o l l i s i o n s  a t  poin t  r a t  time c .  Thus w e  
assume f o r  t h e  model t h a t  
+ + 
e = ee9 (model I )  ( 4.  l l a )  
and t h a t  
( 0 )z, = 1 (4.11b) 
i n  equation (4 .9a )  ( s o  t h a t  t h e  r i g h t  s i d e  of ( 4 . 9 a )  would become 
iieq Geq - neq ) - ­
+ + -
Furthermore, assume t h a t  c e r t a i n  o the r  molecular p rope r t i e s  $(r,E,t),-
-fwhich a r e  c h a r a c t e r i s t i c  proper t ies  of t h e  molecules at poin t  r at  t i m e  
--
t ,  are c a r r i e d  with t h i s  number of molecules,  d(Nc)ecp, t h a t  has been 
assumed t o  be pu t  i n t o  (E’,dy), (e,B,dQ,q) i n  u n i t  t ime a t  t i m e  t .  
+ +
Thus it w i l l  be  assumed f o r  t h i s  model t h a t ,  f o r  c e r t a i n  $ ( r , c , t )  i n  
equations (4 .8)  and ( 4 . 9 ) :  
ZI = 1 ( 4 .  l l c )  
The number and na tu re  of t h e  p r o p e r t i e s  assumed t o  s a t i s f y  ( 4 . 1 1 ~ )  
would be  s p e c i f i e d  as r equ i r ed  t o  m a k e  a determined s y s t e m  of equations 
and t o  provide most r e a l i s t i c  r e s u l t s  from t h e  model i n  problems where 
it can be  used. 
It i s  assumed t h a t  t h e  main j u s t i f i c a t i o n  f o r  use of t h i s  model i n  
any given problem would be  determined by t h e  r ea l i sm and consis tency of 
t h e  q u a n t i t a t i v e  or q u a l i t a t i v e  r e s u l t s  it y i e l d s  and by t h e  t r a c t a b i l i t y  
it provides i n  solving t h e  equations of gas flow where s i g n i f i c a n t  t r a n s ­
l a t i o n a l  nonequilibrium i s  p resen t .  
. -age-c o l l isipn mode1 II4.1.2.2 D~re -c~ i -o -n~ l l_a~e - r-
The next s implest  direct ional-average c o l l i s i o n  model t o  b e  considered, 
denoted he re  as 11, corresponds i n  a sense t o  t h e  BGK model of t h e  
Boltzmann equation ( c f .  Liepmann, Narasimha, and Chahine, 1962) ( a l s o  
c a l l e d  t h e  Krook-Welander model; c f .  Bhatnagar, Gross, and Krook, 1954, 
and Welander, 1 9 5 4 ) .  
An important aspect  of t h e  BGK k i n e t i c  model i s  i t s  i n t e r p r e t a t i o n  of 
molecules being emit ted from c o l l i s i o n s  i n  l o c a l  equi l ibr ium with t h e  
s t a t e  of t h e  gas a t  t h e  po in t  of c o l l i s i o n  ( s e e  Liepmann, Narasimha, and 
Chahine, 1962).  I n  t h e  BGK model, t h e  gain-term c o l l i s i o n  i n t e g r a l  of t h e  
Boltzmann equation is replaced by t h e  l o c a l  Maxwellian d i s t r i b u t i o n  func­
t i o n  t i m e s  t h e  l o c a l  c o l l i s i o n  frequency; t h a t  i s ,  t h e  term 0 ’2 f i n  
equation ( 3 . 4 1 )  i s  replaced by 0 f e  where fe  i s  t h e  l o c a l  Maxwellian 
(eq.  ( 2 . 2 3 a ) ) .  
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This same not ion i s  used he re  t o  de f ine  c o l l i s i o n  model 11, except 
t h a t  he re  t h e  molecules are assumed t o  be emit ted from c o l l i s i o n s  i n  
-fequi l ibr ium with t h e  l o c a l  s ta te  at p o i n t  r when consider ing t h e  ga in  
-f -f 
term for t h e  p o i n t  r. For t h i s  model, t h e  i n i t i a l  d i r e c t i o n  ee ?qP'a t-+point  r i s  immaterial, so w e  t ake :  
(model 11) (4.12a) 
and assume t h a t  t h e  r i g h t  s i d e  of each of equations ( 4 . 9 )  i s  
where subsc r ip t  e i n d i c a t e s  a local-equi l ibr ium va lue ,  evaluated using 
a local-Maxwellian v e l o c i t y  d i s t r i b u t i o n  func t ion  ( t o  be described i n  
4.3.2 and t o  be used i n  Chapter V I I ) .  This i s  equivalent t o  de f in ing ,  
f o r  each i n  equations ( 4 . 9 ) :  
It w i l l  be seen t h a t  t h e  f i r s t  approximation i n  a scheme described 
i n  Chapter V I  g ives  a r e s u l t  on t h e  d i r e c t i o n a l  l e v e l  f o r  t h i s  model, 11, 
t h a t  corresponds t o  d i r e c t  i n t e g r a t i o n  of t h e  BGK k i n e t i c  equation. 
4.1.2.3 Directional-average c o l l i s i o n  model I11 
The following-described model, denoted as 111, est imates  a d i r e c t i o n  
-f -+ 
e e lqt t h a t  i s  d i f f e r e n t  from eeQ, i n  regions of s p a t i a l l y  varying flow. 
The corresponding evaluat ion of t h e  inve r se -co l l i s ion  f a c t o r ,  zIII' 




For es t imat ing  ee l q l  t h e  number per  u n i t  t i m e  coming out of 
c o l l i s i o n s ,  d(&c)e lql , given by ( 4 . 7 ) ,  i s  assumed t o  have average 
+- I
ve loc i ty  eeiql V erqr  wi th in  doe before  c o l l i s i o n  and average v e l o c i t y  
+ - ­
vetp 
wi th in  dfiea, a f te r  c o l l i s i o n  (see f i g .  4 . 3 ) .  (The r e l a t i o n s h i pe e ~  
between dfi and dQ w i l l  be  given below.) Assume t h a t  t h e  averageecp eg,
ve loc i ty  of a l l  t h e  o ther  molecules wi th  which t h i s  number c o l l i d e s  i s-
+­q1 before  c o l l i s i o n  and V a f te r  c o l l i s i o n .  An equation t h a t  could be 
i n t e r p r e t e d  a s  a momentum-conservation equation between "pa i r s  of average 
+- -molecules", one wi th  o r i g i n a l  v e l o c i t y  e 
e i q i  
V 
erg1 
and f i n a l  ve loc i ty  
- + ­
eeQveQ ' t h e  o the r  with r e spec t ive  i n i t i a l  and f i n a l  v e l o c i t i e s  ?' and-
+V, i s  
The quan t i ty  
could be c a l l e d  a " r e l a t i v e  o v e r a l l  c o l l i s i o n  v e l o c i t y  change f o r  t h e  
- .  
d i r e c t i o n  a t  ($ , t ) ."It i s  a measure of t h e  degree of s p a t i a l  
-+ -+
nonequilibrium, s i n c e  it vanishes when e e iqv-- e e g  * One could represent  + 	 by any appropr ia te  quan t i ty  t h a t  i s  known t o  vanish i n  equi l ibr ium. AS 
vC 
a s p e c i a l  case t h a t  appears p a r t i c u l a r l y  appropr ia te  , which we may denote 
as model IIIa,  it i s  taken as a reasonable  assumption t h a t  
(model I I Ia )  ( 4 . 1 4 )  
t h a t  i s  , t h a t  t h e  average change i n  t h e  	o v e r a l l  m a s s  v e l o c i t y  of t h e-
"other  molecules'' c o l l i d i n g  with t h e  d ( i c ) e l q l  molecules can be repre­-
I I  

sented  approximately by q-v, t h e  change i n  o v e r a l l  m a s s  v e l o c i t y  i n  one 
+
d i r e c t i o n a l  mean f r e e  pa th  i n  t h e  d i r e c t i o n  
eecP 
. The approximate 
+
v a l i d i t y  of t h i s  model, I I Ia ,  o r  of any o the r  model f o r  i n  (4 .13b) ,
VC 
59 
could be t e s t e d  by so lv ing  t h e  r e s u l t i n g  flow equat ions f o r  a given problem. 
Refer now t o  f igu re  4.4, which: (a )  r ep resen t s  t h e  vec to r  add i t ion  
of equations (4 .13) ,  and ( b )  i l l u s t r a t e s  t h e  cons t ruc t ion  of t h e  s o l i d  
angles  f o r  es t imat ing  d( iA)ecp (and consequently ZITI ) 2  t o  be discussed 
i n  t h e  following. 
Note f i r s t  t h a t  the  vec to r  equat ion (4.13b),  along with t h e  t r igono­
met r ic  l a w  of cosines  : 
-+ -
can be solved f o r  t h e  d i r e c t i o n  e
8 'qJ' and t h e  magnitude v8 'q' i n  terms -+ + -
of eecp Y e Y vw Y and Vc, where 
and i n  p a r t i c u l a r ,  
-
= I?-$l (model I I Ia )  (4 .17)vc 
-+
Thus, tak ing  t h e  dot product of e with equat ion (4.13b) gives  an 
eq
expression which, when s u b s t i t u t e d  i n t o  equation ( 4 . 1 5 ) ,  y i e l d s  
Then s u b s t i t u t i o n  of (4.18a) back i n t o  (4.13b) gives  
(4 .18b)  
The d i r e c t i o n  ( 8 ' , 9 ' )  i s  the re fo re  def ined e x p l i c i t l y  i n  terms of 
-+ -+
V e V . (Note t h a t  model I I Ia  could be regarded as a f i r s t  approximation





Figure 4.4 - Vector addition, and construction of solid angles, in 
directional-average collision model 111. 
-- 
-- 
I. I ,_._.. . 
-+
f o r  Vcy  and then  higher  o rde r  co r rec t ions  made t o  ensure t h a t  
The f a c t o r  Z = ZI11 f o r  t h i s  model i s  now found by t h e  following 
procedure. If each p o s s i b l e  vec to r  of magnitude v	e ' @ '  and having+ -
any d i r e c t i o n  w i t h i n  ( 8 ' , q ' ¶ d R e l q l )  i s  added t o  Vc (see f i g .  4 .41 ,  
a l l  t h e  r e su l t an t - vectors  would f i l l  a s o l i d  angle ,  denoted above as 
dh
e(? 
. I n  gene ra l  dfiecp i s  not t h e  same as dR 
* 
The magnitude of 
dh i s  found as indicat ,ed by t h e  cons t ruc t ion  i n  f i g u r e  4.4:  
OQ 
The r a t i o  of t h e  a r e a  ve$? dfiWJ on f i g u r e  4 .4  t o  t h e  a r e a  G2 x + + e I Q ~  
dRe 191 i s  lcos a1 = leeq 'eelqr  I . Therefore 
The number of t h e  molecules emit ted from c o l l i s i o n s  p e r  u n i t  t ime i n  
-
(:,dy) a t  t i m e  i n  t h e  angle  range (e,@,dQeq) i s  dR
84)
/df2 ecp 
times t h e  number emit ted i n  (I3,q,dRg). Thus, from above assumptions 
(with use of (4 .m)  and ( 4 . 1 9 ) ) ,  
(4.20) 
+
Now s u b s t i t u t i o n  of (4.18a) and of t h e  s c a l a r  product of with equat ioneecp





Comparison of equations (4.21)  and use of t h e  d e f i n i t i o n s  i n  (4 .8)  g ive  
f o r  c o l l i s i o n  model 111: 
where model I I Ia  can be used t o  es t imate :  
+ %+ +vc = Iv-VI and -+ e 
C 
= - v-v (model I I Ia)  (4 .23)  
-
It may be  assumed t h a t  c e r t a i n  molecular p rope r t i e s  + ( r ,< '+ +  ,3), which-
a r e  c h a r a c t e r i s t i c  p rope r t i e s  of t h e  molecules a t  poin t  r and t h e  % ,  
with v e l o c i t y  z' having d i r e c t i o n  (8',q' ) , a r e  c a r r i e d  with t h e  number 
c elp ' on t h e  average, as est imated by equat ion (4.21b)per  u n i t  t i m e ,  d ( i ' )  
and the re fo re  t h a t  
(4 .24)  
f o r  use i n  equation (4 .9b ) .  
Further  reduct ion of t h i s  model, and i t s  use ,  a r e  i l l u s t r a t e d  below. 
It i s  assumed t h a t  t h e  main j u s t i f i c a t i o n  for use of t h i s  i n t u i t i v e  
c o l l i s i o n  model would be determined by t h e  r e s u l t s  it y i e l d s .  
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.. . ...._. . .  . ... . 
4.1.3 	 Assumption on t h e  c o l l i s i o n  frequency p e r  molecule, and 
results 
Since A,+ , defined by equat ion (3.40b) ,  could reasonably p l ay  
t h e  same r o l e  as A* ( de f ined  by (3.37%)) i n  t h e  development of t h e  ecp
directional-mean-free-path approximation above , it i s  regarded as cons i s t en t  
with t h e  res t  of t h e  development t o  consider  0+ ( c f .  eqs. ( 2 . 1 2 ~ )and 
5 
(3.33a) ) t o  be  independent of t h e  molecular-velocity magnitude, 5. 
The r e s u l t s  a r e  t h a t  
(4 .25)  
and t h e r e f o r e  t h a t  ( c f .  eqs.  (3 .37)  t o  ( 3 . 4 0 ) )  
A ecp = A*WJ (4 .26)  
I n  add i t ion  t o  t h e  above argument , another  i n d i c a t i o n  t h a t  t h e  assumption 




does not vary with any p a r t  of  t h e  molecular v e l o c i t y .  
Equation (4 .25 )  s t i l l  allows v a r i a t i o n  with 0 and , as w e l l  as with 
-+ 
r ,  and t .  
The assumption l ead ing  t o  (4 .25)  and (4.26)  l eads  t o  f u r t h e r  very 
convenient r e s u l t s ,  mainly embodied i n  t h e  form taken by t h e  d i r e c t i o n a l  
equations of change ( eqs .  (3.41b) and (3.42b) o r  eqs.  ( 4 . 9 ) )  which, with 
t h e  directional-mean-free-path approximation descr ibed above i n  5 4 . 1 . 1  
and with any of t h e  proposed direct ional-average c o l l i s i o n  models (§4 .1 .2 ) ,  
become 
where f o r  any funct ion F(;,e,q,tJ: 
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(4.28) 
z = t - 1/6 1
e(P 
+
where e i s  defined by equations (3.10) and where t h e  molecular proper­
eQ + +
t i e s ’  0 = $ ( r , < , t )  are t o  be  appropr i a t e ly  chosen ( s e e  § 4.2 below). 
4.2 	 Direc t iona l  Equations and Some “Boundary Conditions” i n  Terms of 
Dimensionless I n t e g r a l s  of D i rec t iona l  Property D i s t r i b u t i o n s  
If one chooses t o  work on t h e  d i r e c t i o n a l  l e v e l  as descr ibed above,_- -, 
one should s t i l l  ensure s a t i s f a c t i o n  of t h e  conservation equations on t h e  
macroscopic ( f u l l  moment) l e v e l .  A proposed method f o r  accomplishing t h i s  
i s  described he re  and is  used i n  t h e  following sec t ions  ( 5 5  4.3 and 4 . 4 ) ,  
as w e l l  as i n  Chapter V I I .  The procedure amounts t o  def ining new dimension­
l e s s  dependent v a r i a b l e s  , on t h e  d i r e c t i o n a l  l e v e l ,  t h a t  a r e  c e r t a i n  
i n t e g r a l s  of  t h e  previously def ined d i r e c t i o n a l  property d i s t r i b u t i o n s .  
These new v a r i a b l e s  a r e  def ined i n  a form such t h a t :  ( a )  t h e  d i r e c t i o n a l  
equations of change can be  w r i t t e n  i n  terms of d e r i v a t i v e s  of t h e  new 
v a r i a b l e s ,  and ( b )  t h e  macroscopic conservation p r i n c i p l e s  can be pre­
sc r ibed  as c e r t a i n  boundary condi t ions on t h e  new v a r i a b l e s  on t h e  direc­
t i o n a l  l e v e l .  The procedure also provides a convenient m e a n s  f o r  
-eva lua t ing  a l l  t h e  macroscopic va r i ab le s  of i n t e r e s t .  
Since t h e  macroscopic conservation equat ions,  (3 .43 ) ,  a r e  i n t e g r a l s  
of 	 t h e  d i r e c t i o n a l  equations of change (ea. (3 .42d) ,  represented approxi­
-+ 1mately by (4.27)  and ( 4 . 2 8 ) ) ,  with 0 r e spec t ive ly  m y  mS,  and 5 m C 2  , 
it i s  appropr i a t e  t o  use  t h e s e  choices f o r  I+ i n  equation ( 4 . 2 7 ) .  I n  
w r i t i n g  t h e  r e s u l t i n g  equations it i s  convenient t o  use t h e  following 
d e f i n i t i o n s  ( c f .  § §  3.7 and 3.8): 
65 

Mass dens i ty :  
0 -1 1 
Mass f lux ,  o r  momentum dens i ty :  
Momentum Tlux: 
Energy density:' 
+See footnote  on pp. 32 and 33. 
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Energy Flux:t 
Then t h e  macroscopic conservat ion equat ions,  ( 3 . 4 3 ) ,  a r e  
+ 
a p / a t  + vr - J = o (4.30a)  
a T / a t  + vr - p = o (4.30b) 
-f 
a E / a t  + vr - Q, = o ( 4 . 3 0 ~ )  
+and for I$ = m y  m<, and 1 mE2 t h e  corresponding forms of equation 
(4.27)  a r e :  
+See foo tno te  on pp. 32 and 33. 
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where 
i = t - l / G  ea 
_._v a r i a b l e s  and equations of change4.2.1 Dimensionless-
For t h e  purpose of de f in ing  dimensionless v a r i a b l e s  t h a t  w i l l  f a c i l i ­
t a t e  s o l u t i o n  of t h e  equat ions,  consider t h e  constant  r e fe rence  values:  
a r b i t r a r y  l eng th  L ,  dens i ty  
pa  ’ v e l o c i t y  ua’ and c h a r a c t e r i s t i c  
c o l l i s i o n  frequency Oa . Define t h e  dimensionless cons t an t :  
E E ua/L Oa (4.32) 
It i s  convenient ( h e r e  and i n  succeeding chap te r s )  t o  consider time as a 
-+ + +
fou r th  dimension, with u n i t  vec to r  e4  t h a t  i s  orthogonal t o  e 1’  e 2 ’-+
and e - t h a t  i s
3’ 
-+ -t 
ei - ej = ‘ij ( i , j  = 1,2,3,4) 
= 1  i f  i = j  (4.33) 
= o  i f  i # j  i 
( A l l  t h e  three-dimensional vec to r s  and t e n s o r s  discussed above can be  
-+
considered as four-dimensional with zero component i n  t h e  e4 d i r e c t i o n .  ) 
Then define t h e  dimensionless four-component (space-time) p o s i t i o n  vectors  









+ e -X + e - a + e 1 L- + e 2 r - - 3 L  4 L (4.34a) 
1 U t+ 1 + it2 + 13 + a 
el L + e2 L + e 3  L + e4 y 
and t h e  dimensionless v e c t o r  p a r t i a l  d e r i v a t i v e  (holding 9 and cp 
+constant  i n  a funct ion of  5 ,  9, and Cp): 
(4 .35)  
A l s o  de f ine  ( f o r  -II < 9 L II , 0 I91 II , with v and 'I, r e spec t ive ly ,  
"dummy va r i ab le s"  f o r  9 and CQ): 
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- I I IIIIIIII1111111111111111111111I I I 111 II I 1 1 1 1  111111 I I 1  11111111 I1 1111 I I IIIII.11111I.IIIIIII.I.I ,I1.11.1-.11-1-- ~ .­
(4.37) 
so  t ha t :  
-+
(where e
e 0  
is given by (3.10)) . 
For any function f(z,O,@,~), denote 
- -f 
f = f ( z , e , Q l , E )  (4.39) 
Then de f ine  t h e  four-component dimensionless vec to r  
I (4 .40)  
wi th  which equat ions (4.31d) and (4.31e) become 
( 4 . 4 1 )  
where 
(4.42)  




and where ( ) ’ i n d i c a t e s  a func t ion  evaluated a t  8 ’  ,0’ , according t o  
t h e  c o l l i s i o n  model. We note  from t h e  d e f i n i t i o n s  (4.36) t h a t :  
and ( c f .  eqs .  ( 4 . 2 9 ) ) :  when 8 = II a n d - @  = 0 :  
Thus, e i t h e r  one can regard  equations ( 4 . 4 5 )  as boundary condi t ions on 
t h e  i n t e g r a l  func t ions  def ined i n  (4 .36 ) ,  where t h e  macroscopic moments 
(p ,  3, p, E ,  6) must satisfy t h e  conservat ion equat ions,  (4 .30) ;  o r  t h e  
macroscopic conservat ion equations (4.30) can themselves be expressed as 
boundary condi t ions a t  8 = II , Q, = 0 on t h e  i n t e g r a l  funct ions 
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- - --- 
(us ing  eqs. ( 4 . 4 5 ) )  i n  t h e  form: 
(4.46a) 
( 4.46-b) 
( 4 . 4 6 ~ )  
Before attempting t o  solve a given problem using t h e  above formulation; 
one needs y e t  t o :  eva lua te ,  or re la te  i n  some manner t o  the o the r  
v a r i a b l e s ,  t h e  c o l l i s i o n  frequency 0w ( o r  H ) ;  o b t a i n  a determined 
system of equations by some o t h e r  independent means of r e l a t i n g  t h e  
dependent v a r i a b l e s ;  and p r e s c r i b e  s u f f i c i e n t  boundary condi t ions i n  t h e  
+
5 domain. These w i l l  be  considered i n  l a t e r  s e c t i o n s .  
_. _ _  ~ and new4.2.2 	 Relat ionships  of f l o w - p r ~ ~ r t y _ d i s t r i b u t i o n s  
dimensionless___ _ _ _ _- v a r i a b l e s  t o  the-more conventional 
macroscopic flow v a r i a b l e s  
To f a c i l i t a t e  a p p l i c a t i o n  of boundary condi t ions f o r  so lv ing  a given 
problem by t h e  above formulation, and a l s o  t o  enhance phys ica l  understand­
ing ,  it i s  d e s i r e d  t o  r e l a t e  t h e  macroscopic flow p r o p e r t i e s  i n  equations 
(4.29) or ( 4 . 4 5 )  t o  t h e  more conventional macroscopic flow v a r i a b l e s .  
With t h e  mean m a s s  v e l o c i t y  of t h e  gas ($1 def ined  by equation 
(2.151, t h e  molecular v e l o c i t y  r e l a t i v e  t o  t h e  mean motion (3) defined 
by equation (2.161, and t h e  v e l o c i t y  magnitudes def ined by 
+. + 1 / 2
5 = It1 = (5'5) 
+. + 1 / 2  I (4 .47)v = 131 = ( v - v )  +. +. +. 1 /2c = I C 1  = ( c - c )  
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The energy p e r  u n i t  
i n t e r n a l  energy, i s  
Since i n  equi l ibr ium t h e  
of a molecule, where k 
(4.48a) 
(4.4811 ) 
( 4 . 4 8 ~ )  
-1 <c'> p i ;  + $ p v23 (4.48d)2 
m a s s  r e l a t i v e  t o  t h e  mean motion, o r  t h e  s p e c i f i c  
1i n t e r n a l  energy is  -2 kT p e r  degree of freedom 
i s  Boltzmann's cons t an t ,  the  temperature of a 
monatomic gas of n e u t r a l  spherically-symmetric molecules i n  a r b i t r a r y  
t r a n s l a t i o n a l  nonequilibrium i s  def ined by 
o r  
RT z 	 -2 e = 1 <c2> (4 .50)3 3 
where R E k/m i s  t h e  gas cons t an t .  
For a p e r f e c t  ( s u f f i c i e n t l y  r a r e f i e d )  gas ( i m p l i c i t l y  assumed i n  t h e  
use of t h e  Boltzmann equa t ion ) ,  t h e  " c o l l i s i o n a l  t r a n s f e r "  of momentum o r  
energy due t o  f i n i t e  s i z e  of molecules i s  neglected i n  comparison t o  t h e  
f l u x  o f  momentum o r  energy due simply t o  t h e  "flow of molecules" ( e .g . ,  
see Hi r sch fe lde r ,  C u r t i s s ,  and Bird ,  1964), s o  t h a t  t h e  s t r e s s  t e n s o r  
and heat-f lux vec to r  are simply: 
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- -  
u = - p q c >  
The hydros t a t i c  pressure  i s  def ined  by 
p* 1 I :  (J = 	 1. p<c'>
3 
so  t h a t  from equation (4 .50)  w e  have 
The viscous-s t ress  t e n s o r ,  7 , i s  def ined  by 
0 :  - p I  + 7 
(4 .53)  
( 4 . 5 4 )  
( 4 . 5 5 )  
where p i s  t h e  thermodynamic pressure .  Far from t r a n s l a t i o n a l  equi l ibr ium, 
t h e  "thermodynamic pressure"  has  no meaning. Therefore,  s ince  s u f f i c i e n t l y  
c lose  to equi l ibr ium t h e  Chapman-Enskog theory  f o r  a p e r f e c t  monatomic 
gas gives  a zero bulk v i s c o s i t y ,  K ,  defined by 
it i s  assumed t h a t  t h e  "pressure" i n  ( 4 . 5 5 )  i s  
p = p* = pRT = 3 p<C2> (4 .57 )  
and the re fo re  t h a t  t h e  viscous s t r e s s  t enso r  i s  
With the  d e f i n i t i o n s  i n  equations . (4 .49)  t o  (4 .58 ) ,  equations (4.48)  
become 
(With equations (4.591, equations (4.30)  give more familiar forms of t h e  
macroscopic conservat ion equat ions.)  Equations (4.59)  w i l l  be useful 
i n  determining boundary condi t ions  on the  func t ions  i n  (4 .45 ) .  
The common macroscopic variables of i n t e re s t  can then  be ca lcu la ted  
-+ +
i n  terms of p ,  J, P, E, and Q as: 
-+ +V = J / p  (4 .60a)  
(4 .60b)  
1RT = ( 2 / 3 ) e  = p/p  = -2 (E/p - 5 V2) ( 4 . 6 0 ~ )3 
ttu = -p  +pw (4.60a)  
7 = - P  + p R + p l  
(4 .60e)  
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- -  
- -  
+ + + 1 + 
q = Q - p V ( e  + z v 2 )  + v .U 
Other macroscopic variables of  i n t e r e s t  are t h e  s p e c i f i c  enthalpy, h,  
and t h e  Mach number, M ,  def ined by 




V2M2 -- (5/3)RT ( 4.60h) 
(where t h e  r a t i o  of s p e c i f i c  h e a t s  f o r  t h e  p e r f e c t  monatomic gas i s  5 / 3 ) .  
4.3 Indgtergin-ag of t h e  Equations gf-zkange,~. and-a Proposed Method of _ _  ­
_--- _ _Closure-ugi ng-Int %r -aLs-0 f Local-gi rec t  iona1 Gaus s i-an D ist r i b u t  ion 
Function 
It i s  w e l l  known t h a t  t h e  conservation equations on t h e  macroscopic 
l e v e l  are an indeterminate  system, containing more unknowns than  t h e  number 
of equations.  I n  t h e  directional-mean-free-path method introduced above, 
t h e  equations on t h e  d i r e c t i o n a l  l e v e l  of d e s c r i p t i o n  con ta in  %more 
unknown q u a n t i t y  than  t h e  number of equations i f  t h e  c o l l i s i o n  frequency 
i s  appropr i a t e ly  s p e c i f i e d .  
The purposes of t h i s  s e c t i o n  a r e  t o :  ( a )  propose a method of  c losu re ,  
on t h e  d i r e c t i o n a l  level ,  t h a t  emphasizes t h e  molecular-direct ional  a spec t s  
of t r a n s l a t i o n a l  nonequilibrium and t h a t  i s  compatible with t h e  known 
local-Maxwellian d i s t r i b u t i o n s  of  molecular v e l o c i t i e s  i n  l i m i t i n g  regions 
of l o c a l  t r a n s l a t i o n a l  equi l ibr ium; ( b )  determine t h e  expressions f o r  the  
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d i r e c t i o n a l  p rope r ty  d i s t r i b u t i o n s  i n  l o c a l  t r a n s l a t i o n a l  equi l ibr ium for 
applying local-equi l ibr ium boundary cond i t ions ;  and ( c )  consider 
r ep resen ta t ions  of t h e  c o l l i s i o n  frequencies .  
It i s  u s e f u l  t o  consider  what m a y  be  c a l l e d  a " loca l -d i r ec t iona l  
Gaussian d i s t r i b u t i o n  funct ion."  F i r s t  t h e  p rope r ty  d i s t r i b u t i o n s  on t h e  
d i r e c t i o n a l  level  are t o  be  expressed by i n t e g r a t i n g  such an assumed 
d i s t r i b u t i o n  func t ion ,  f o r  use i n  an " i n t e g r a l  method," t o  be  described. 
A s  a s p e c i a l  ca se ,  t h e s e  property d i s t r i b u t i o n s  are then  found i n  terms of 
a l o c a l  Maxwellian d i s t r i b u t i o n  of molecular v e l o c i t y  for use i n  applying 
boundary condi t ions i n  regions of l o c a l  t r a n s l a t i o n a l  equilibrium. 
4.3.1 	 Assumed local-diPect iona1 -Gaussian d i s t r i b u t i o n  func t ion ,  
and r e s u l t i n g  d i r ec t iona l -p rope r ty  d i s t r i b u t i o n s  
For making t h e  d i r e c t i o n a l  equations of change a determined system, 
one a d d i t i o n a l  equation t h a t  relates t h e  v a r i a b l e s  appearing i n  those  
equat ions(  (4.31) or ( 4 . 4 3 ) )  may be  found by what may be  c a l l e d  an " i n t e g r a l  
method." I n t e g r a l  methods e n t a i l  assuming the  form of a c e r t a i n  func t ion ,  
and then  using i n t e g r a l s  of t h a t  func t ion  t o  advantage, without n e c e s s a r i l y  
implying t h a t  t h e  o r i g i n a l  p r e c i s e  v a r i a t i o n ,  i n  t h e  assumed form of t h e  
funct ion i n t e g r a t e d ,  i s  phys ica l ly  s i g n i f i c a n t .  I n  t h i s  same sense,  a 
" loca l -d i r ec t iona l  Gaussian d i s t r i b u t i o n "  i s  now chosen i n  t h e  form 




are unknown funct ions of 8 and 4, as w e l l  as of  r and t .  Note t h a t  
8 here  i s  an unknown v e c t o r  func t ion  having t h e  dimensions of v e l o c i t y .  
The form (4.61b) i s  e s p e c i a l l y  convenient. This form f o r  f i s  s p e c i f i e d  
only f o r  t h e  purpose of i n t e g r a t i n g  it t o  o b t a i n  an appropr i a t e  r e l a t i o n  
among t h e  d i r e c t i o n a l  property d i s t r i b u t i o n s .  I ts  use  (as i n  o the r  i n t e g r a l -
approximation techniques)  does =imply t h a t  t h e  molecular-velocity 
d i s t r i b u t i o n  a t  any ($,e ,tp,t) i s  thought t o  be Gaussian. However, t h e  
assumed directional-Gaussian d i s t r i b u t i o n  i s  e s p e c i a l l y  convenient i n  t h a t  
it becomes t h e  c o r r e c t  l o c a l  Maxwellian d i s t r i b u t i o n  i n  any l i m i t i n g  
-+
region of  l o c a l  t r a n s l a t i o n a l  equi l ibr ium, where a ,  6, and U become 
+ - +  -F
independent of 8 and Cp (8 becomes V ( r , t )  , B becomes B e  5 m/2kT(r , t ) ,  
and becomes n(g,t)[m/2Il kT(; , t ) ]3/2) .  A u sua l  procedure i n  studying 
nonequilibrium phenomena ( e .g . ,  see Vincenti  and Kruger, 1965, p .  225) i s  
t o  use t o  advantage c e r t a i n  r e l a t i o n s  t h a t  are known t o  be  t r u e  i n  
equi l ibr ium and assume t h a t  t hey  ho ld  approximately i n  a r b i t r a r y  non­
equi l ibr ium; one may then  a s c e r t a i n  t h a t  t h e  use of such assumptions 
does not adversely a f f e c t  t h e  nonequilibrium r e s u l t s  obtained;  i n  o the r  
words t h a t  t h e  r e l a t i o n s h i p  between t h e  mathematics and t h e  physics of 
t h e  problem i s  not ove r ly  s e n s i t i v e  t o  t h e  a r b i t r a r y  assumptions made. 
If one def ines  t h e  dimensionless q u a n t i t i e s ;  
(4 .63a)  
(4.63b) 
and ( c f .  eq. ( 2 . 2 4 ) )  
B(b) E -
2 
u1j2 e b 2 ( l  + e r f  b )  (4 .6% ) 
and pu t s  equation (4.61b) i n t o  t h e  d e f i n i t i o n s  of d i r e c t i o n a l  property 





A(; ,B,q, t )  = (1+2b2) B(b)  + b ( 4.64a) 
(4.64b) 
( 4 . 6 4 ~ )  
v ( 3 ) ( f , e , p , t )  




One could regard equations (4.64a,b,c)  as t h r e e  equations f o r  t h e  t h r e e  
-
unknowns.: A ,  b y  and e .  ” In  p r i n c i p l e ” ,  t h e  t h r e e  equations could be 
-
solved f o r  A ,  b ,  and c as funct ions of v ( ’ ) / u  and v(’)/u2 . 
w a 94) a 
These r e s u l t s  could then  be s u b s t i t u t e d  i n t o  equat ion (4.64d) t o  give 
v ( ~ ) / u ~  e@ a0(P c1 i n  terms of v(’)/u a and v ( 2 ) / u 2  . Then one could f i n d ,  from 
equation (4.63a) , 
(4 .65)  
I n  t h i s  way, two t h i n g s  would be accomplishes i n  p r i n c i p l e :  
( a )  A r e l a t i o n s h i p  among veq veq e q  
( 1 )  (2) , and v ( ) would be 
determined; and 
( b )  The q u a n t i t i e s  a, b y  and c would be determined i n  terms 
A perhaps less  obvious, but  more t r a c t a b l e ,  procedure f o r  determining 
equivalent r e l a t i o n s h i p s  is  t h e  following: By consider ing t h e  four  
equations,  ( 4 . 6 4 )  a l l  a t  once, one can f i r s t  determine b and c 
e x p l i c i t l y  i n  terms of  
VOQ ’ veQ ’ ecp ’
( 1 )  (2) and ( 3 )  - then f i n d  A and B 
a l s o  e x p l i c i t l y  i n  t e r m s  of  ( ’ )  ’ (2)’ and veep(3) . Then t h e  expressions 
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f o r  both b and B i n  terms of  v ( 1 )  v( 2 )  , and v(3) along with 
eQ ’ 0Q eQ ’ 
t h e  d e f i n i t i o n  ( 4  63c ) ,  provide an i m p l i c i t  equat ion r e l a t i n g  (1)-v0 0  ’ 
( c f .  t h e  statement ( a )  above). Again, s i n c e  A and 
-
c are determined, equations (4.65) could again be used t o  determine a 
i n  terms of ’e?’ v(l), and v( 2 )  ( s i n c e  v (3) i s  i m p l i c i t l y  r e l a t e deQ fw ecp 
t o  v ( ’1  and v( 2 ) ) ,  so  t h a t  a, b ,  and c are a l l  determined ( c f .
0Cp ecp
t h e  statement (b )  above).  Following are t h e  d e t a i l s  of  t h i s  more t r a c t a b l e  
procedure j u s t  descr ibed:  
Combining equat ions (4 .64a ,b , c ) ,  one f i n d s  
and combining equations (4.64b,c ,  and d ) ,  one f i n d s  
(4.6611) 
From equations (4.64a and b) one f i n d s  
and it is  convenient t o  w r i t e  equation (4.64a)  as 
A - (1+ 2b2)B = b (4.66~1) 
If now b i s  el iminated from equations (4.66a and b )  t o  ob ta in  
then  (4.66a) g ives  
( 4 . 6 ~ b )  
Equations ( 4 . 6 6 ~and d )  a re  e a s i l y  solved t o  ob ta in  
A =  b I . ,  
1 - (1+2b2) (1+ b2 - bFv"' /Ua)
8 9  
and 
b ( 1  + b' - b F v g ) / u , )  
B =  ,. \ 
1 - (1+2b2) (1  + b2 - bFv" ' / ua )
e9 
where b and F a r e  given by (4.67a and b )  . Now i f  w e  def ine :  
(4.68a) 
(4.68b)  
we can, as descr ibed above, use equation ( 4 . 6 3 ~ )wi th  (4.67d) t o  obta in  
t h e  following convenient form of t h e  des i r ed  r e l a t i o n s h i p  among t h e-
d i r e c t i o n a l  proper ty  d i s t r i b u t i o n s  t h a t  i s  used to c lose  t h e  system of---____-
equations on t h e  d i r e c t i o n a l  l e v e l :  
B(b)  E 	 - 111'2 e b 2 ( 1  + e r f  b )  = b ( l  + b2- b s )  (4.69a)2 1 - ( 1 + 2 b 2 ) ( 1+ b2- b s )  




I m p l i c i t l y ,  equations (4 .69)  de f ine  a d i r e c t  f u n c t i o n a l  r e l a t i o n s h i p  
between $ ( 3 )  and $ ( 2 )  , which m a y  b e  w r i t t e n  i n  t h e  following form 
t h a t  w i l l  be  found convenient f o r  l a t e r  use:  
where 
This r e l a t i o n s h i p  can be computed from (4 .69)  and t a b u l a t e d ,  once and f o r  
a l l ,  f o r  use i n  t h e  method descr ibed above. One method f o r  computing and 
t a b u l a t i n g  t h e  f u n c t i o n a l  r e l a t i o n s h i p  (4.70)  would be t o  spec i fy  var ious 
values of b ranging from -a t o  +oo and, f o r  each of t h e s e  values of 
b ,  c a l c u l a t e  s from (4 .69a )  as 
1 + b2+ (3b+2b3)B(b) ( 4 . 7 1 )s = 
b + (1+2b2)B(b) 




and eva lua te  $ from (4.70b). 
Other r e l a t i o n s h i p s  t ha t  a r e  equivalent  , but  more convenient f o r  la ter  
use,  a r e  found as fol lows:  From t h e  d e f i n i t i o n  of t h e  func t ion  B(b) i n  
(4.63), 
dB(b)/db = 1 + 2b B(b) (4.73) 
and 
W
- dN(b) E - [b B(b) = 2 I e -v2 e 2bv v2 dv db 
0 
= b + (1+2b2 B(b) (4.74a) 
. 
-
"(b) $f(b) = 4 Iw e-v 2 e2bv .3 dv 
0 
= 2[1 + b2 + (3b+2b3)B(b.)] (4.74b) 
?(k)(b) E 7[N(b)] = 21+k J* e-' 2 e2bv - J ~ + ~dk dv, k=OJ,2,... (4.74d) 
db" 0 
from which can be found t h e  d i f f e r e n t i a l  equat ions:  
N"(b) = 2b "(b) + 6 N(b) 
and 
E(k)(b) = 2b -(N k-1 ) (b) + 2(k+l) N--( k-2)(b) (k=2,3,4, ... 
Thus, it i s  seen t h a t  equation (4.71) i s  simply 
-
s = N'(b)/2 T\J(b) 
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f o r  use i n  ( 4 . 7 2 ) ,  or i n  f a c t ,  from (4 .64)  ( 4 . 6 8 ) ,  and (4.70) t h a t  
For l a r g e  negat ive b ,  it is  extremely d i f f i c u l t  t o  c a l c u l a t e  B(b) 
t o  s u f f i c i e n t  accuracy t o  o b t a i n  $ ( 3 )  and $. I n  t h a t  case,  
t h e  funct ions can be c a l c u l a t e d  simultaneously by numerical i n t e g r a t i o n  of 
t h e  ordinary d i f f e r e n t i a l  equations (4.73)  and (4 .75)  , s t a r t i n g  at  l a r g e  
negat ive b with values  of t h e  funct ions found from t h e  asymptotic expan­
s i o n s :  as b + -m : 
00 n+k (2n+k)!dkE(b) % c ._( -1) 2n+k+l ' (k=O,1,2,...) dbk n = l  ( 2 ) 2 n  ( n - l ) !  b 
The accuracy of t h i s  evaluat ion of t h e  funct ions B(b) and dkg(b)/dbk 
i s  then  e a s i l y  checked by comparing t h e  values obtained a t  b=O with t h e  
exact  values  : 
- -
B(0)  = fi/2 , N(0) = f i / 2  , "(0) = 2 (4 .79 )  
-
and with t h e  values of t h e  h ighe r  d e r i v a t i v e s  of N a t  b=O found 
d i r e c t l y  from (4.75b) 
The v a r i a t i o n  of $ ( 2 )  and $(3) with b can be examined l o c a l l y  













1 + 1/2b2 - 3/2b4 + 15/4b6 - + ... (4.80e) 
1 + 3/2b2 - 9/2b4 + 14/b6 - i- * - (4.80f) 
Use of equations (4.68)through (4.80)is illustrated later. Figure 4.5 
shows $(2), $ ( 3 ) ,  and J ,  versus b. 
4.3.2 Special case of local Maxwellian velocity-distribution function 

In order to apply boundary conditions in regions of local translational 

equilibrium, it is convenient to express the directional property distribu­

tions in terms of the macroscopic variables. If it is assumed that in 

regions of local translational equilibrium the assumed directional Gaussian 

distribution, (4.61),becomes the local Maxwellian distribution function, 

+
(2.23a), then the functions a, 13, and U in equations (4.61)and (4.62) 
become independent of 8 and 8 .  Comparison of equation (4.61a) with 
(2.23a) then shows that, as a region of local translational equilibrium 




















Then, with Be = Be(r,t) def ined by equation (2.2313) and with u n i t  vec tor  
-+ + - +  + 
e = e ( r , t )  z V/V (eq.  ( 4 . 1 3 ) ) ,  equat ions (4 .62)  and (4.81) g ive ,  as l o c a l  
equi l ibr ium i s  approached: 
(4 .82a)  
(4.82b) 
and t h e  d e f i n i t i o n s  (4.63a) and ( 4 . 6 3 )  g ive ,  as equi l ibr ium i s  approached: 
With equations 




( 4 . 8 2 ) ,  equations ( 4 . 6 3 ~ )and (4 .64aYb)now give  -as 
approached: 
1/2 + + 
% (p/pc1)(1/2n3'2) e {Be eecp - e V  
1 / 2  + + 




where t h e  func t ion  B ( b )  i s  def ined by ( 4 . 6 3 ~ ) .  Equations (4.66a) and 
(4.66b) then  give a l s o :  
4.3.3 Estimated or assumed forms of goLl i s i cn  frzquencies  . _  - _ _ ~ =-- _--- . 
I n  § 4.1.3 it w a s  assumed t h a t  0+ i s  independent of v e l o c i t y
E 
magnitude 5 ,  s o  t h a t  0+ = 0e 8  - To c a l c u l a t e  both 0w f o r  use i n5 
t h e  d i r e c t i o n a l  equations of change (4.31)  ( o r  i n  (4.37) and (4 .40 )  ­
( 4 . 4 3 ) ) ,  and 0 f o r  t h e  c h a r a c t e r i s t i c  value 0a i n  (4 .32)  and ( 4 . 3 7 ) ,  
one now needs expressions of assumed o r  es t imated forms of t h e s e  c o l l i s i o n  
frequencies p e r  molecule of t h e  r e spec t ive  c l a s s e s  ( c f .  § 3 . 9 ) .  
For Maxwell molecules (wi th  t h e  intermolecular  f o r c e  assumed t o  vary 
inve r se ly  as t h e  f i f t h  power of d i s t a n c e  between molecules) one f i n d s  
If one t akes  k' t o  be a constant  , t hen  ( c f .  eq. (4.37) 
This r e l a t i o n  could be assumed as q u a l i t a t i v e l y  appropr i a t e  for use i n  
t h e  directional-mean-free-path method. It may be  more r e a l i s t i c ,  however, 
t o  use a r e l a t i o n  equivalent  t o  what has been used i n  t h e  BGK model (see 
Liepmann, Narasimha, and Chahine, 1962, pp. 1319 and 1321, where t h e i r  A 
i s  p ropor t iona l  t o  our k '  ; see also d i scuss ion  by Vincent2 and Kruger, 
1965, p. 384) : 
where q i s  a c o e f f i c i e n t  of v i s c o s i t y  t o  be evaluated from some appro­
p r i a t e  temperature-dependent v i s c o s i t y  l a w .  For M a x w e l l  molecules , t h e  
bracketed f a c t o r  i n  (4 .85b)  i s  u n i t y ,  t o  g ive  (4.85a).  For r i g i d  spheres ,  
t h e  f a c t o r  i s  ( T / T a ) 1 / 2 ,  which i s  ob ta inab le  a l s o  by use  of equation 
(2.20b) w i t h  (2 .23d) .  Liepmann, Narasimha, and Chahine (1962) used t h e  
Suther land v i s c o s i t y  l a w  f o r  q.  I n  (1966) they  used q 0: To*816. The 
l a t t e r  i s  appropr i a t e  f o r  argon gas up t o  400O0K ( s e e  Camac, 1965, p .  248). 
Any o the r  appropr i a t e  c a l c u l a t i o n  of 0 from equation (3.33b) ,
9P 
where 0+ i s  given by ( 2 . 1 2 c ) ,  could a l s o  be used. 
5 
4 . 4  A Determined System- _of Equations i n  a S impl i f i ed  Form of t h e  
- -Direct  ional-Mean-Free-Path Method f o r  Ong-Dimensional Flow 
Flow i n  one dimension i s  s i m p l i f i e d  by t h e  f a c t  t h a t  the ve loc i ty -
d i s t r i b u t i o n  func t ion  depends on only one configuration-space v a r i a b l e  , 
xl, and t i m e  t ,  as w e l l  as on 5 and tp bu t  i s  independent of 9 .  
The r e s u l t i n g  d i r e c t i o n a l - l e v e l  and full-macroscopic-level equations can 
then be w r i t t e n  simply i n  s c a l a r  form. (There i s  only one non-zero v e l o c i t y  
component and one non-zero component of h e a t  f l u x  on t h e  macroscopic 
l e v e l ;  and only one component of t h e  v i scous - s t r e s s  t e n s o r  i s  of p a r t i c u l a r  
i n t e r e s t . )  I n  t h a t  case it i s  convenient t o  reformulate  p a r t  of t h e  
method descr ibed above i n  somewhat s impler  terms, as descr ibed i n  t h e  
following. 




w = cos q (4.86) 

Then, i n  one-dimensional f low, where t h e  d i s t r i b u t i o n  func t ion  f i s  
+ +
independent of 0 (and where t h e  v e l o c i t y  vec tor  i s  V = e l u ) >  we have 
(4.87) 
I f  t h e  one-dimensional flow i s  allowed t o  be time-dependent, t h e  components 
+
of 5 t h a t  a r e  of concern a r e  
5 ,  = XJL and 5 ,  = u t / L
ct 
( s e e  § 4 . 2 . 1 ) .  We now def ine  t h e  new dimensionless 
(with q now as  a dummy i n t e g r a t i o n  va r i ab le  f o r  
dependent va r i ab le s  
w ) :  
( 4.88a) 
(4.88b) 







W e  then  have: 
We note  from equat ions  (4 .88)  tha t  
-f
f o r  w = -1, a l l  r; : 
(4 .91)  
and from equat ions ( 4 . 8 9 ) ,  ( 4 . 4 5 ) ,  and (4.591, 
92 
+
for w = +1, all 5 : 
From equations (4.92)  one f i n d s  ( c f .  eqs. ( 4 . 6 0 ) ) :  
(4 .93c)  
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- - -  which can be used t o  eva lua te  t h e  conventional macroscopic va r i ab le s  a f te r  - ­
p ,  J, P, E, and Q are determined. 
For use i n  t h e  d i r e c t i o n a l  equations of change f o r  one-dimensional 
flow, i n  which f o r  any func t ion  F(;,W,E), we denote ( c f .  eq. (4.39)) 
where 
-+ + 
z = < + E $  (4.95) 

we have now ( c f .  eqs.  (4.40)): 
(The comppnents v2 and p 3  are not s i g n i f i c a n t ,  s ince  t h e r e  are no 
va r i a t ions  i n  t h e  x2 and x3 d i r e c t i o n s . )  
4.4.2 Equations of change f o r  one-dimensional f low 
The d i r e c t i o n a l  equations of change (4.31aYb, c )  , f o r  one-dimensional 
flow i n  terms of t h e  funct ions i n  equations (4.90) (wi th  use of eqs.  (4.38)), 
become ( c f .  eqs.  (4.43)) 
-- 
where 
where ( ) '  i nd ica t e s  a func t ion  evaluated a t  w '  = cos 9' according 
t o  t h e  direct ional-average c o l l i s i o n  models discussed i n  5 4.1.2; where 
N 
( ) i s  def ined by equat ions (4 .94)  - (4 .96 ) ;  and where 
- +z = ~ ( c , w , E )  E z(;,e,q,t) for one-dimensional flow. 
The macroscopic conservat ion equations (4.30)  become, i n  t e r m s  of 
t h e  funct ions i n  equations (4.88) evaluated a t  w = 1 ( c f .  eqs.  (4 .46)  
and ( 4 . 8 9 ) ) :  
4.4.3 Directional-Gaussian c & s u x e q u a t i o n  
~~ ~-
The equation used t o  c l o s e  t h e  system, der ived i n  9 4.3  by r e l a t h g  
var ious i n t e g r a l s  of a l o c a l  direct ional-Gaussian d i s t r i b u t i o n  func t ion ,  
i s  given by equations (4 .69)  and expressed i m p l i c i t l y  by equat ions (4 .70) .  
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The q u a n t i t i e s  $(2) ,  I ) ( ~ ) ~and $ def ined  by equat ions (4.68) and 
(4.70b) a r e  w r i t t e n  i n  terms of  t h e  one-dimensional-flow v a r i a b l e s  as 
Note i n  p a r t i c u l a r  t h a t  $ does not conta in  a F / a w  , s o  t h a t  if t h e  
q u a n t i t i e s  on t h e  r i g h t  s i d e  of ( 4 . 9 9 ~ )a r e  known, one can: c a l c u l a t e  
I) 	 from ( 4 . 9 9 ~ ) ;  ob ta in  from (4 .70a) ;  t hen  ob ta in  a p / a w  from 
(4.99a).  This procedure w i l l  be  used l a t e r .  
4 . 4 . 4  Local-equilibrium proper ty  d i s t r i b u t i o n s  
In  regions of l o c a l  t r a n s l a t i o n a l  equi l ibr ium,  where t h e  molecular-
v e l o c i t y  d i s t r i b u t i o n  func t ion ,  f ,  i s  Maxwellian, t h e  d i r e c t i o n a l  proper ty  
d i s t r i b u t i o n s  ( eqs .  (4.83)) f o r  one-dimensional flow a r e  s impl i f i ed .  
The quan t i ty  f o r  a monatomic gas i s  M,  and 
+ +  




M mM (4.100b) 






( 4 . 1 0 1 ~ )  
( 4.101d) 
(4.101e) 
where subsc r ip t  e denotes a l o c a l  equi l ibr ium value.  Equations (4.101) 
can be i n t e g r a t e d  with r e s p e c t  t o  W (wi th  use of eqs. (4 .75)  where 
needed) t o  ob ta in ,  i n  regions of t r a n s l a t i o n a l  equi l ibr ium i n  one-dimen­
s i o n a l  flow: 




Equations (4.102)have been made t o  s a t i s f y  t h e  following condi t ions 
(which are cons i s t en t  with condi t ions (4 .91)  and (4.92)  and t h e  d e f i n i t i o n s  
i n  (4 .93)) :  
-?-




a t  w = +1, a l l  5 : 
-
Therefore t h e  q u a n t i t i e s  p/p, and M i n  t h e  l o c a l  equi l ibr ium expressions 
(eqs .  (4.100) t o  (4 .102))  are,  from (4 .104a) ,  (4.104b) and (4.104d):  
which may be evaluated i n  a nonequilibrium s o l u t i o n  of  t h e  equat ions.  
These expressions a r e  use fu l  l a t e r .  
-- 
4 . 4 . 5  -Reduct ion of  d i r e c t  i o n a l - a v g g e  .c-ogLsiog models 
~~ -- -
f o r  one-dimensional flow - ~ ~~~~ 
The q u a n t i t i e s  i n  equat ions (4 .97)  t h a t  are denoted by ( ) ' are 
funct ions of w evaluated at w ' ,  where, f o r  one-dimensional flow, with 




and where, i n  gene ra l ,  
However, f o r  c o l l i s i o n  -Imodel -, w '  = 1 and (')z= 1, s o  equations 
-
(4 .97)  a r e  simply w r i t t e n  without t h e  Z f a c t o r s  and without t h e  "primes" 
on t h e  gain terms. 




( 4 . 1 0 7 ~ )  
where a F e / a w  , aye /aw , and a?? / a w  are given by equations (4.100) and 
e-
(4.101) ~ with p/p, and M given by (4.105) .  
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-c o l l i s i o n - -For model IIIa (from eqs. (4 .18b) ,  (4.22) , (4 .23) ,  ( 4 . 2 4 ) ,  
and d e f i n i t i o n s  i n  (4.90) and ( 4 . 9 2 ) ) :  
(4.108) 
and 







The use of the  equations given i n  t h i s  s e c t i o n  ( §  4 . 4 )  i s  i l l u s t r a t e d  
below i n  Chapter VI1 i n  steady-flow shock-wave s t r u c t u r e .  The equations 
can f i r s t  be  appreciably s i m p l i f i e d  by a s u i t a b l e  approximation scheme, 
developed i n  Chapter V,  w i th  i t s  a p p l i c a t i o n  i n  t h e  present  method indicated 
i n  Chapter V I .  
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CHAPTER V 
VECTOR GENERALIZATIONS OF LAGRANGE'S EXPANSION, 
AND A PERTURBATION-EXPANSION SCHEME 
5 .1  Introductory Remarks 
Lagrange's expansion i s  a g e n e r a l i z a t i o n  ( f i r s t  der ived by Lagrange 
i n  1770) of  Tay lo r ' s  expansion i n  which t h e  independent variable i s  def ined 
by an i m p l i c i t  equation. Recently Sack (1965a) has reviewed a number of 
approaches t o ,  and a p p l i c a t i o n s  o f ,  Lagrange's expansion and has discussed 
gene ra l i za t ions  of c e r t a i n  forms of t h e  expansion t o  s e v e r a l  v a r i a b l e s  
(see a l s o  Sack, 1965b, 1966; S tu r rock ,  1960; and Good, 1960) .  
I n  add i t ion  t o  t h e  forms t h a t  have been given,  an e s p e c i a l l y  simple,  
d i r e c t ,  and u s e f u l  g e n e r a l i z a t i o n  t o  N v a r i a b l e s  of t h e  s tandard form of 
Lagrange's expansion can a l s o  be found, and i s  der ived h e r e .  It can be 
w r i t t e n  completely i n  vec to r  form, which i s  useful i n  a p p l i c a t i o n  t o ' v e c t o r  
formulations of phys i ca l  problems, e s p e c i a l l y  where t ransformations t o  
d i f f e r e n t  coordinate  systems a r e  t o  be considered. 
Two simple de r iva t ions  of Lagrange's expansion with one independent 
v a r i a b l e  are f i r s t  o u t l i n e d  ( §  5 . 2 ) ,  and t h e  development of a per turbat ion-
expansion scheme shown ( §  5 . 3 ) .  It i s  then  shown ( §  5 . 4 . 1 )  how each s t e p  
i n  t h e  f i r s t  d e r i v a t i o n  of t h e  s tandard form of Lagrange's expansion i n  
§ 5.2.1 can be  simply gene ra l i zed  t o  two independent v a r i a b l e s ;  and t h e  
analogous s t e p s  i n  t h e  g e n e r a l i z a t i o n  t o  a r b i t r a r y  N dimensions then  
become c l e a r ,  as shown i n  § 5.4.2. An a l t e r n a t e  d e r i v a t i o n  which i s  a 
gene ra l i za t ion ,  t o  N independent v a r i a b l e s ,  of t h e  a l t e r n a t e  de r iva t ion  
o u t l i n e d  i n  § 5 .2 .2 ,  i s  then given i n  § 5.4.3.  It i s  advantageous t o  
consider  both t h e s e  de r iva t ions  because: ( a )  t h e  f i r s t  de r iva t ion  r e s u l t s  
i n  t h e  more concise f i n a l  form for one independent v a r i a b l e  (although t h e  
expanded forms are termwise i d e n t i c a l ) ,  ( b )  the a l t e r n a t e  d e r i v a t i o n  
results i n  t h e  more concise f i n a l  form i n  a r b i t r a r y  N dimensions (although 
t h e  expanded forms are termwise i d e n t i c a l ,  and ( c )  . the  two de r iva t ions  a r e  
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independent and a r e  be l i eved  t o  be both new. The development of t h e  
perturbation-expansion scheme f o r  a r b i t r a r y  - N independent va r i ab le s  
follows i n  § 5.5 by analogy with t h e  one-dimensional development i n  5 5.3. 
5.2 Lagrange's Expansion i n  g n e  Variable  
If an independent v a r i a b l e  z i s  def ined  i m p l i c i t l y  by t h e  equation 
where E ~ ( z )  i s  s u f f i c i e n t l y  s m a l l ,  t h e  s t a n d a r d  form of Lagrange's 
expansion (c f .Whi t taker  and Watson, 1927, o r  Sack, 1965a) f o r  any func t ion  
f ( z )  i s  
5 .2 .1 F i r s t  d e r i v a t i o n  
p-. 
A simple de r iva t ion  of equat ion ( 5 . l b )  i s  given he re  ( f o r  convenience 
of comparing t h e  s t e p s  i n  t h e  l a t e r  g e n e r a l i z a t i o n s ) .  
D i f f e r e n t i a t i o n  of (5 . l a )  gives  
from whi ch 
dz = z 
5 
dg + z E  d E  
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(where z 5 Z az /a5  and z E 5 a z / a e )  so  t h a t ,  by comparison of (5.2a) 
with ( 5 . 2 b ) ;  o r ,  equ iva len t ly ,  by combining (5 .2a)  wi th  (5.2b) t o  ob ta in  
and by equating t h e  c o e f f i c i e n t s  of dg and of de i n  ( 5 . 2 ~ )t o  zero 
(because t h e  d i f f e r e n t i a l s  dg and de a r e  a r b i t r a r y ,  s o  t h a t  equation 
( 5 . 2 ~ )must apply f o r  any dy and any dE independently,  t h e  c o e f f i c i e n t s  
of dg and of dE must van i sh ) ;  one obta ins  
z = 1 z = P ( Z )  5 1 - E U ' ( Z )  ' E 1- E U ' ( Z )  ( 5 . 3 )  
For any func t ion  of z :  F ( z )  = F [ z ( < , E ) ] ,  one may w r i t e  
and 
s o  t h a t ,  w i t h  use  of ( 5 . 3 ) ,  equations ( 5 . 4 )  g ive  
(5 .5 )  
(5.6) 
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(5 .7)  
Fur ther ,  by induct ion ,  one f inds  
(5 .8)  
A d i r e c t  de r iva t ion  of equation ( 5 . l b )  t h a t  uses (5 .5 )  through (5 .8)  
i s  now t h e  following: From Taylor ' s  expansion about E = 0 , one w r i t e s :  
Since at E=O, z=< , use of (5 .8)  i n  (5 .9 )  gives  d i r e c t l y  
which i s  equivalent  t o  t h e  r e s u l t  sought,  ( 5 . l b ) .  
The s t eps  i n  t h i s  der iva t ion  from equations ( 5 . l a )  t o  ( 5 . 5 )  and from 
(5.8) t o  (5 .10)  are equivalent  t o  t h e  corresponding s t e p s  i n  Laplace's  
de r iva t ion  i n  1780 ( e . g . ,  as ou t l ined  by Sack, 1965a).  However, t he  s t e p s  
from (5 .5 )  t o  (5.8) do not employ one a d d i t i o n a l  i d e n t i t y  t h a t  w a s  used by 
Laplace, but  are c a r r i e d  out q u i t e  n a t u r a l l y  without t h e  add i t iona l  i d e n t i t y ,  
and i n  a manner t h a t  w i l l  be  seen t o  provide a s i m p l i f i c a t i o n  i n  an analogous 
procedure i n  t h e  gene ra l i za t ion  t o  N dimensions, considered i n  l a t e r  





5.2.2 A n  a l t e r n a t e  de r iva t ipn  f o r  one independent v a r i a b l e  ~-
An independent , a l t e r n a t e  de r iva t ion  of Lagrange's expansion i n  a 
form t h a t  i s te rmwise  i d e n t i c a l  t o  ( 5 . l b )  i s  t h e  following: With ( 5 . l a ) ,  
one may w r i t e  Taylor ' s  expansion as 
Therefore a l s o  
m 
Em
u ( z )  = u ( 5 )  + 1 ­
m = l  m! 
Although not  as concise ly  expressed as equation ( 5 . l b ) ,  equations (5.11)  
give t h e  same r e s u l t  as equat ion ( 5 . l b )  t o  any des i r ed  order .  For example, 
t o  order  E2, (5.11a) gives  
where, from (5.11b) 
t hus  ( 5.12a) becomes 
which i s  equivalent  t o  ( 5 . l b )  t o  order  s2 . 
Obviously, t h e  form of equations (5.11)  i s  not  as convenient as t h e  
concise form ( 5 . l b ) ,  but  t h i s  de r iva t ion  has been given because i t s  
gene ra l i za t ion  t o  N independent va r i ab le s  ( §  5.4.3 below) provides a 
more concise f i n a l  form than  does t h e  gene ra l i za t ion  of t h e  f i r s t  deriva­
t i o n .  
5 .3  	 Lagrange's Expansion i n  One Variable  with Addit ional  Parameters, 
and Development of Perturbation-Expansion Scheme 
I n  a development exac t ly  analogous t o  t h a t  i n  5 5.2 ,  it i s  e a s i l y  
shown t h a t  equat ions (5 . la )  and ( 5 . l b )  may be genera l ized  t o  include a n  
a r b i t r a r y  number of parameters;  t h u s ,  i f  
Equation (5.13a) has t h e  expansion 
Consider now t h e  s p e c i a l  case of equat ions (5.13)  i n  which only one 
parameter, a, i s  included,  and suppose f ( z , a )  and p ( z , a )  can be 
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expanded i n  power s e r i e s  i n  c1 : 
Then equations (5.13b) and ( 5 . 1 3 ~ )become 
where 
These equations may be f u r t h e r  s p e c i a l i z e d  t o  t h e  case where c1 =E, for  
which t h e  terms of equations (5 .15)  t o  order  a r e :  
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(Equations (5.16) have been found t o  be  u s e f u l  i n  applying L i g h t h i l l ' s  
uniformizat ion technique;  see Martin,  1967a.) 
5.4 General izat ions of Lagrange's Expansion t o  -N Variables  
The s tandard form of Lagrange's expansion ( e q . ( 5 . l b )  with ( 5 . l a ) )  
can be genera l ized  t o  N dimensions i n  vec tor  form. The independent 
+
var i ab le  z ( c f .  eq. ( ? . l a )) i s  def ined i m p l i c i t l y  by 
+ - +  -+
where z, 5, and v are vec tors  each having N independent components, 
and thus  are considered t o  be vec tors  i n  t h e  N -dimensional space having 
-+
orthogonal u n i t  base  vec tors  ek (k=1,2,...,N), i n  t h e  d i r ec t ions  of t h e  +
respec t ive  zk coordinates  ( e . g . ,  r e f e r  t o  Karmche t i ,  1967).  The vec tors  
may the re fo re  be w r i t t e n  as 
-+ N + 
< E 1 ek 'kk = l  
where t h e  u n i t  vec tors  s a t i s f y  t h e  or thogonal i ty  condi t ion (which a l s o  
def ines  t h e  "dot product") : 
-+ 
ei - E? j = 6 i j  = 1  f o r  i = j 
 I (5 .19)  = o  f o r  i # j 





Then, f o r  any func t ion  f ( z )  E f ( z l , z 2 ,  ...,zN) , (which i t se l f  m a y  
be  a s c a l a r ,  vec to r ,  o r  h igher  order  t e n s o r )  , t h e  result  ( t o  be  der ived 
below) f o r  t h e  extension of t h e  s tandard form of Lagrange's expansion t o  
N dimensions, i n  vec to r  form, i s  
+ ( E 2 / 2  
+ ( E 3 / 3  
-+
where z i s  def ined i m p l i c i t l y  by equation (5 .15) ;  where t h e  argument of 
-+
each func t ion  of t h e  r i g h t  s i d e  of (5 .20)  i s  5 ; and where 
N - +  av z
5 k = l  ek 
Formulas f o r  t h e  h igher  order  terms w i l l  be  given below. 
-+
It i s  t o  be noted t h a t  i f  i s  a constant  vec to r ,  then  equations 
(5 .17)  and (5 .20)  reduce t o  t h e  vec tor  form of Taylor 's  expansion i n  N 
dimensions ( c f .  Korn and Korn, 1961) .  If,  on t h e  o the r  hand, N=l, so 
t h a t  f and !-I are func t ions  of only one v a r i a b l e ,  z, equation (5.20)  
reduces d i r e c t l y  t o  t h e  s tandard  form of Lagrange's expansion i n  one 
va r i ab le ,  equat ion (5.lb). 
To der ive  equat ion (5.20)  ( t o  any order  i n  E ) ,  one can proceed 
i n  a manner d i r e c t l y  analogous t o  t h a t  i n  e i t h e r  5 5.2.1 o r  § 5.2.2, as 
demonstrated i n  t h e  following. 
I ,  , , ..._.... . .. 
5.4.1 The two-dimensional ca se ,  N = 2; f i r s c d e r i v a t i o n  
The g e n e r a l i z a t i o n  f o r  N=2 i s  c a r r i e d  out most simply, which w i l l  be  
o u t l i n e d  here .  The extension t o  a r b i t r a r y  N t h e n  follows d i r e c t l y .  
A l l  major s t e p s  i n  t h i s  s e c t i o n  are analogous t o  t h o s e  i n  9 5.2.1. 





a z l  a z l  a z l
dz = -dGl + -dc2 + -d-E
1 a %  a <2 a-E 
(5.24)J 






al-1, az,+ [- - E - - a z l  +(I - & - )  - - 11 d<, a z ,  a < ,  a z2  a 52 
The f a c t o r s  mult iplying dg,, dg,, and d-E i n  equations (5.25a) and 
(5.2513) must vanish (as i n  eq. ( 5 . 2 ~ ) ;  s ee  d iscuss ion  of eqs.  (5 .2 )  
above),  so  t h e  s i x  equations for t h e  s i x  unknowns, a z l / a g l  , az l /aC,  
y i e l d ,  w i t h  
a %  1 
L - E - - E ­a z  1 a z 2  
all al l ,  all, 
- � 2  -­= 
a z2 a z 2  a z ,  




- - -  a z  D 1
&(I- E 2); a52 1 D E -a z 2  Y 
D - E 





For any func t ion  of z on ly ,  
w e  have 
a z 2  aFa F G )  a z l  aF + - ­- = - -
as a E  a z ,  a E  a z 2  I (5 .28)  
from which, with use of equations ( 5 . 2 7 ) ,  it i s  r e a d i l y  found t h a t  
o r  
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Equation (5.29) may be d i f f e r e n t i a t e d  as fol lows:  
and by induct ion one f inds  
(5 .30)  
where t h e  Binomial c o e f f i c i e n t  i s  def ined by 
(2) = (a-b)! a! b! (5 .31)  
Equation (5.30)  i s  then  used as follows : 
+ +Taylor 's  expansion about E=O f o r  f [ z ( S , ~ ) ]  i s  
+ +
Since at E=O, z=5 , t h i s  i s  a l s o  
where t h e  t e r m s  i n  t h e  summation are found (us ing  5 .30 ) )  from: 
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and a l s o  
and where 
Each of t he  terms on t h e  r i g h t  s ide of equat ions (5.33b) and ( 5 . 3 3 ~ )can 
be found using equat ions (5.33b) and ( 5 . 3 3 ~ )f o r  a s m a l l e r  order  i .  Thus, 
t o  any order ,  t h e  t e r m s  of equation (5.33a) must be found success ive ly  from 
equations (5.33b) and ( 5 . 3 3 ~ ) .  The procedure i s  i l l u s t r a t e d  as fol lows:  
( a )  F i r s t  take i=l t o  f i n d ,  from equat ions (5.33b) and ( 5 . 3 3 ~ ) :  
+ +
Since z=5 a t  E=O, we have from (5.35a) f o r  use i n  (5 .33a) :  
( b )  Next take i = 2  i n  equations (5.3313) and ( 5 . 3 3 ~ )t o  obtain 
Simi lar ly  
+ +
Since z=5 a t  E=O, we have from (5.35d) f o r  use i n  equation (5.33a): 
( c )  Higher order  terms follow s i m i l a r l y .  Thus, f o r  N=2, t h e  
"s tandard form" of Lagrange's expansion i n  vec to r  form has been der ived,  
t h e  f i r s t  few terms of which a r e  given by equat ion (5 .20 ) .  
5.4.2 Arbitrary-N dimensions; f i r s t  de r iva t ion  
For a r b i t r a r y  N t h e  major s t e p s  i n  t h e  de r iva t ion  a re  d i r e c t l y  analo­
gous t o  those above ( 5  5 .4 .1 )  for N = 2 .  D i f f e r e n t i a t i o n  of equation (5 .17) :  
(with a r b i t r a r y  N i n  equations (5 .18 ) )  gives  




V E N + a 
Z “kk=l  
and where 1 i s  t h e  idemtensor ( u n i t  t e n s o r ) :  
-+ + +  
( c f .  eq. ( 5 . 1 9 ) ) .  Also,  s ince  z = z(c,s), one may w r i t e  
Equation (5.39a) i s  a vec tor  equation with N components. I n  each of t h e  
N equations f o r  t h e  components, t h e  c o e f f i c i e n t s  of ds and of each dck 
must vanish (as i n  eqs.  (5 .25)  and ( 5 . 2 ~ ) ) .  One t h e r e f o r e  obtains  
N ( N + 1 )  equations t o  eva lua te  t h e  N(N+1) unknowns, azi /acj  and 
azi/ae: ( i , j  = 1, 2, ... , N ) ,  as fol lows:  




From '( 5.39b ) 
By expanding t h i s  equat ion i n t o  i t s  components and s e t t i n g  t h e  c o e f f i c i e n t s  
of each dCk, equal  t o  zero,  one ob ta ins  f i n a l l y  a se t  of N2 equations 
f o r  t h e  N2 q u a n t i t i e s  az i /a r ; j ,  ( i , j  = 1, 2, ... , N ) ,  t h a t  may be  
w r i t t e n  i n  t h e  form: 
N
1 (Sik - E -) - = S i j  , ( i , j  = 1, 2, ... , N)all i  a 'k 
k = l  azk  a r j  
S imi l a r ly ,  from (5 .39c ) ,  one ob ta ins  N equations f o r  t h e  N q u a n t i t i e s  
az . / ae  ( j  = 1, 2,  ... , N )  t h a t  may be w r i t t e n  i n  t h e  form 
J 
N 
- = ui  , (i  = 1, 2,  ... , N )  (5.40b)1 ( S i k - � - )  
a u i  azka &  
k=l a 'k 
Equations (5.40a) and (5.40b) now represent  N ( N + l )  equat ions,  consistir ig 
of N + 1  s e t s  of N equations each. The N ( N + l )  unknowns azk/ac and 
j 
azk/aE can be found by Cramer's Rule ( s e e ,  e . g . ,  Hildebrand, 1952) from 
t h e s e  N + 1  s e t s  of N equations each. Define 
-aik = fiik - E a p i / a Z k  ( 5 . 4 1 )  
and de f ine  t h e  minor of  a
i j  as M i j  and t h e  co fac to r  of ai j  by 
Aij = ( - l ) i+j  Mi j  (5.42) 
Denote t h e  determinant of t h e  matr ix  a
i j  





1 &rk Aik  = o f o r  r # i k = l  
and  
N 
k=l %s Akj = O 
f o r  s # j 
1 (5.43)  
I ( 5 . 4 4 )  
Then Cramer's Rule gives  t h e  so lu t ions  of  equations (5.40b) and ( ? . b o a )  
f o r  each j as 
Now, s ince  f o r  any func t ion  
one may w r i t e  
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. ... .. .. ... 
- -  
I 
(j = 1, 2, ... , N )  
and (5.46)J 
s u b s t i t u t i o n  of equat ions (5 .45)  i n t o  (5 .46)  gives  
aF 1 N aF-
a c j  
- 1 A j r  azr (j = 1, 2, ... , N )la-l r=l 
Upon mult iplying equation (5 .47a)  by p and summing over j from 1 t o  
j
N ,  one f i n d s  
This r e s u l t  may a l s o  be w r i t t e n  i n  t h e  form 
The remainder of t h e  development f o r  a r b i t r a r y  N i s  i d e n t i c a l  t o  t h a t  
from equations (5.29)  t o  (5 .35) .  Thus, an extension of t h e  "s tandard 
form" of Lagrange's expansion has  been der ived for a r b i t r a r y  N dimensions, 
with t h e  f irst  few terms given by (5 .20) .  
It should be noted t h a t  i n  equat ion ( 5.17) and t h e  r e s u l t  ( 5.20) t h e  
+ 
appearance of E i s  extraneous ( s i n c e  it appears only i n  t h e  product E V ) ,  
and so  E: could b e  taken t o  be un i ty .  The na ture  of t h e  convergence of 
(5.20) then  depends on each of t h e  components I - l i  be ing s u f f i c i e n t l y  
- 
s m a l l  ( r a t h e r  t h a n  each & p i ) .  Each p i could t h e n  be replaced i n  (5.17) 
and (5.20) by E ~ F ~and s i n c e  t h e  pi 's are independent, t h e  ' s  
could be considered as r ep resen t ing  d i f f e r e n t  o rde r s  of magnitude (such 
as E 
1 
= E , E 
2 




= E , e t c . )  (Actual ly  t h e  
same results had o r i g i n a l l y  been found by ca r ry ing  out t h e  e n t i r e  d e r i v a t i o n  
s t a r t i n g  with a r b i t r a r y  d i f f e r e n t  E i ' s ,  r a t h e r  t h a n  t h e  simpler deriva­
t i o n  i n  terms of one E given above. Since t h e  results are equ iva len t ,  
t h e  simpler d e r i v a t i o n  t h a t  uses only one E has  been given h e r e . )  
5 .4 .3  An a l t e r n a t e  d e r i v a t i o n  f o r '  N independent v a r i a b l e s  
A g e n e r a l i z a t i o n ,  t o  N independent variables , of t h e  de r iva t ion  
given above i n  5 5.2.2 i s  descr ibed he re .  The f i n a l  r e s u l t  is  somewhat 
more concise t h a n  tha t  given i n  5 5  5 . 4 . 1  and 5.4.2 above. The expanded 
t e r m s  are i d e n t i c a l .  
It is  convenient t o  f i r s t  introduce some a d d i t i o n a l  vec to r  and 
- + + +  
t e n s o r  no ta t ion  not previously used. Consider t h e  vec to r s  z ,  5, p, and 
+
t h e  Cartesian base vec to r s  ek defined as i n  equat ions (5 .17)  t o  (5 .19 ) ,  
and t h e  vec to r  ope ra to r s  V 
5 
and V z  de f ined  as i n  (5.21) and (5.37a) .  
For a r b i t r a r y  N -dimensional vec to r s  
(5 .49 )  
de f ine  t h e  n th  o rde r  t e n s o r s  
3'") = m...x , F B . . . 3  (5.50) 
	 \___ 
n t i m e s  n t i m e s  
(We might c a l l  and 3(n) "polyadics," s i n c e  t h e  s p e c i a l  cases f o r  
n = 2, 3, and 4 are known re spec t ive ly  as dyadics ,  t r i a d i c s ,  and 
t e t r a d i c s ;  c f .  Morse and Feshbach, 1953.) Fu r the r ,  de f ine  t h e  s c a l a r  
products (which fol low from ( 5 . 1 9 ) ) :  
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- + +  N 
A I B  E 1 Ai Bi 
i=1 

and, i n  genera l ,  def ine  t h e  following no ta t ion  f o r  t h e  n t h  s c a l a r  product:-
Then, i n  p a r t i c u l a r ,  
(5 .52a )  
and 
and with equation (5 .17)  t h e  N -dimensional Taylor ' s  expansion is 




which, i n  t h e  above-defined no ta t ion ,  -i s  equ iva len t  to: 
(compare with eq. (5 .11a)) .  Then a l s o  
(cf. eq. ( 5 . 1 1 b ) ) ,  and t h e s e  l a t t e r  two equat ions determine t h e  N -dimen­
s i o n a l  Lagrange‘s expansion t o  any d e s i r e d  o rde r .  For example, t o  o rde r  
, 
where 
Thus ( 5.55a) becomes 
Since it i s  e a s i l y  v e r i f i e d  t h a t  
(5 .56)  
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equat ion ( 5 . 5 5 ~ )i s  seen t o  be equivalent  t o  equat ion (5.20) t o  order  E ~ .  
5.5 Inc lus ion  of Addit ional  Parameters i n-t h e  N-Dimensional Lagrange 
Expansion, *&_Development of Perturbation-Expansion Scheme 
A s  i n  5 5.3 one may also include add i t iona l  parameters as arguments 
-+ +
of f , P ,  and z i n  equations (5.17)  through (5.20)  or i n  equations 
(5.33) and (5 .34 ) .  
Thus, equations (5.33) and (5.34)  may be genera l ized  t o :  
I f  
(5 .57)  
The expansion of  (5 .57)  m a y  a l s o  be found from (5.58a) by t ak ing  
+ - +  
f = l ~ ( z , a , @ ,...). I n  more e x p l i c i t  form f o r  t h e  f i r s t  f e w  terms,  t h e  





+ [terms same as i n  eq. (5 .201 ,  b u t  wi th  f 
+ +
and u having arguments ( 5 ,a,B ,...) 3 
and 
Consider t h e  s p e c i a l  ca se  of only one parameter a (as i n  eqs .  
( 5 . 1 4 ) ) ;  t h a t  i s ,  
m 
k = l  
n

k = l  




I n  particular, f o r  a = E , 
f ( & )  = f ( & )  = f (3+ E f (Z)+ E2 f 3 ( Z )  + ... 
1 2 i (5 .62)  
and equat ions  (5 .59)  become ( c f .  eq. ( 5 . 2 0 ) ) :  
where 
This r e s u l t  (eqs. (5 .63 ) )  has  been der ived  for use i n  t h e  method of 
Chapter I V ,  t o  be shown i n  Chapter V I .  
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CHAPTER V I  
APPLICATION OF LAGRANGE-EXPANSION PERTURBATION SCHEME: 
I N  THE DIRECTIONAL-MEAN-FREE-PATH METHOD 
6.1 In t roduc to ry  Remarks 
The Lagrange-expansion pe r tu rba t ion  scheme can be  appl ied,  purely 
formally,  d i r e c t l y  t o  t h e  g a i n  term i n  each of t h e  d i r e c t i o n a l  equations 
of  change ( i . e . ,  t o  t h e  f i r s t  term on t h e  r i g h t  s i d e  of each of eqs.  
( 4 . 4 3 a , b Y c ) ,  or of eqs.  (4 .97&b,c)  i n  t h e  s p e c i a l  case of one-dimensional 
f low).  
For v a l i d i t y  of t h e  scheme ( s u f f i c i e n t  convergence or asymptotic 
convergence), it i s  not necessary t h a t  E be s m a l l .  I n  f a c t ,  E can be  
taken t o  be  u n i t y  ( s o  t h a t  L = u
c1
/ Q a ) ,  s i n c e  t h e " a r b i t r a r y  length, ' '  
E,  has not previously been defined. Lagrange's expansion i s  o f t e n  w r i t t e n  
without a s m a l l  parameter (cf.Whittaker and Watson, 19271, which i s  equiva­
l e n t  t o  t ak ing  E = 1 i n  t h e  forms given i n  Chapter V. It i s  only necessary 
t h a t  t h e  product 
+ 
E V  be " s u f f i c i e n t l y  small" i n  equation ( 4 . 4 1 )  or i n  
+ +
equation ( 4 . 9 5 ) ,  t h a t  i s ,  t h a t  z-< be  s u f f i c i e n t l y  s m a l l .  However, t h e  
parameter E can s t i l l  be l e f t  i n  t h e  equat ions f o r  convenience i n  
"ordering" of t h e  terms,  discussed f u r t h e r  i n  § 6.3  below. (See a l s o  
r e l a t e d  discussion of " a r t i f i c i a l  parameters" by Chang (1961) ,  pp. 816, 
820-825 .I -+
Each of t h e  vec to r  and s c a l a r  funct ions of z (denoted by ( ) )  
i n  t h e  r i g h t  s i d e  of equations (4.43a,bYc) f o r  gene ra l  three-dimensional 
flow can be expanded by use of  equations (5.63)  ,and subsequently t r e a t e d  
by t h e  scheme discussed below i n  § 6.3. 
It may be  i n s t r u c t i v e  a t  t h i s  p o i n t  t o  r e c a l l  t h a t  t h e  r e l a t i o n  
( c f .  eq. ( 4 . 4 1 ) )  
is a dimensionless vector equation with four components (cf. eqs. (4.2), 





Since the procedure in three configuration-space dimensions (with time 
as the fourth dimension) is directly analogous to that in the simplified 
one-dimensional-flow case, f o r  simplicity and economy of space only the 
latter is treated in detail in § §  6.2 and 6.3 below. In one-dimensional 
-f
flow, only the components 5, and 5 ,  of 5 are of significance, and 
-f
l~ is therefore a function only of 5 1, c, w, and E (but is independent 
of 5 ,  in steady flow). 
6.2 Expansions for One-Dimensional Flow 

In the equations for one-dimensional flow ( §  4.4), assume that each 
-f
function of z and E, o r  of 5 ,  w, and E, can be expanded in a power 
series" in E: 
* These expansions may be only asymptotically valid as E -f 0, and 
not "analytic" in E, but this does not preclude use of the "=" symbol 
because the order symbol (e.g., O( E ~ )  as E + 0) is used (see, e.g., 
Erdglyi, 1956, OP Martin, 1967b). 
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-f
and each func t ion  of z ,  w, and E has t h e  expansion 
Thus : 
and 
Since  f o r  one-dimensional flow t h e  func t ions  vary wi th  only two components 
+ -f
of r; ( o r  z), as w e l l  as wi th  w, t h e  Lagrange. expansion p e r t u r b a t i o n  
scheme f o r  
(6.6) 
and for  any f u n c t i o n  such as (6.4),  t a k e s  t h e  form (cf. eqs. (5 .63 ) ) :  
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ana 
Thus, i n  t h e  expansion form of equation ( 6 . 7 ) ,  f o r  any func t ion  F ( z , w , E ) :-+ 
and 
I II I I  H I I 11111 I, 

For equations t h a t  use c o l l i s i o n  model I1 only t h e  expansion forms--9 
(6 .3)  and (6.7) with (6.10)  a r e  needed. Thus t h e  d i r e c t i o n a l  equations 
of change f o r  t h a t  case  (eqs .  (4.107))become: 
+ O ( E 2 )  (6.11a) 
a 2  Tl a 2  P1 a 2  T2 a 2  P2 
E(-+-)ar;,am a c l a m  + E 2  (-a s 4 a m  + -)a c 4 a m  + 
+ O ( E 2 )  ( 6. iib) 




For other  c o l l i s i o n  models, eva lua t ion  of  func t ions  of z and w '  
i n  equations (4.97) i s  required.  Since w '  is  given i n  genera l  by 
(4.106b),  it i s  convenient t o  w r i t e  t h e  expansion 
and then  t o  w r i t e  ( c f .  eqs.  (6 .3)  and ( 6 . 7 ) ) :  
and, wr i t i ng  each F.(ZYw1) i n  terms of a Taylor ' s  s e r i e s  about 
J 
w '  = w;(Z,w) : 
+- aF.( Z , w ;  
J JF.(;yw') = F.(<,w;) +(w'-w;) Jaw; 
one obta ins  (6.13b) i n  t h e  form (with use  of ( 6 . 1 2 ) ) :  
-- 
As a co ro l l a ry  of (6.1%) one may a l s o  write 
Note t h a t ,  for any func t ion  G(Z,w’ )1 
i n  t h e s e  expressions,  one may w r i t e  
(6 .14 )  
For c o l l i s i o n  model I I Ia ,  t h e  terms i n  ( 6 . 1 2 ) - from (4.108),a r e  
where t h e  expansion 
-
has been used. The expression for ‘IIIa from (4.109), combined with 
(4.108),i s  
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With t h e  expansion of (6.17) given i n  ( 6 . 9 1 ,  one f i n d s  
o r ,  with use of (6 .15 ) ,  
(6.18b) 
From t h e  d e f i n i t i o n  i n  (4.110)  one f i n d s ,  upon using t h e  appropr ia te  
expansions , 
The vanishing of t h e  f irst  term i n  (6 .19a) ,  i t s  consequences, and a remedy 




I n  t h e  following, denote by s u p e r s c r i p t  ( ) "  a func t ion  of 5 and 
w with  w replaced by w; ; t h a t  i s  
F" E F(Z,W;) (6.20) 
Then, i n  terms of t h e  above expansion forms ( (6 .13 )  wi th  ( 6 . 1 0 ) ) ,  
equations (4.97) become: 






The macroscopic conservation equations, in the form of equations 
(4.97) for one-dimensional f l o w ,  become: 
The expansions of the functions +, + ( 2 ) y  and +(3) defined by 
equations (4.99)for use in the implicit closure equation (4.70a), 
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represent ing  equat ions (4 .69 ) ,  are: 
and 
6 .3  	 A Truncation Scheme by In t roduc t ion  of an Addi t iona l  
A r t i f i c i a l  Parameter,  I l l u s t r a t e d  i n  One-Dimensional Flow 
A s  a l luded  t o  b r i e f l y  i n  5 6.1, an asymptotic expansion i n  an 
" a r t i f i c i a l  parameter" E may be used i n  a scheme of success ive  
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approximations i n  d i f f e r e n t  ways: ( a )  I n  a most conventional manner, one 
may s u b s t i t u t e  t h e  expansions i n t o  t h e  problem and l e t  E +. 0 success ive ly  
t o  ob ta in  equat ions and boundary condi t ions f o r  t h e  r e spec t ive  terms of t h e  
expansions; or (b)  one may l e t  E = 1 ( thus  def in ing  t h e  " a r b i t r a r y  
length" i n  t h e  d e f i n i t i o n  of E )  and s u i t a b l y  t r u n c a t e  t h e  expansions 
t o  obta in  t h e  s o l u t i o n  at each s t e p  of t h e  approximation scheme. (An 
important i l l u s t r a t i o n  of one way of  using t h e  l a t t e r  approach i s  t h e  
Chapman-Enskog procedure of k i n e t i c  theory ;  c f .  Chapman and Cowling, 
1961, Chap. 7; or Grad, 1958, pp. 253, 259-266.) 
To circumvent nonuniformities i n  t h e  mathematical s o l u t i o n  i n  t h e  
f irst  approach, it i s  o f t e n  necessary t o  prevent t h e  system of .  equat ions 
from degenerat ing (e .g . ,  because of e l imina t ion  of h ighe r .o rde r  d e r i v a t i v e s )  
i n  t h e  l i m i t  as E +. 0 by some means such as in t roducing  s u i t a b l e  t r ans ­
formations of va r i ab le s  ( see ,  e .g . ,  Van Dyke, 1964; o r  Martin,  1967%). 
For s i m i l a r  purposes, t h e  ' ' su i tab le  t runca t ion"  i n  t h e  second approach 
above can b e  taken  t o  be whatever appropr ia te  means prevents  -t h e  degeneracy. 
The second approach including t h e  " s u i t a b l e  t runca t ion" ,  can be 
formalized by: leav ing  t h e  parameter E i n  t h e  equat ions,  t o  a i d  i n  
order ing t h e  terms,  and by introducing another  a r t i f i c i a l  parameter E '  
(which i n  t h e  f i n a l  ana lys i s  w i l l  a l s o  have t h e  va lue  u n i t y )  a t  appropr ia te  
p laces  i n  t h e  equat ions;  t hen  l e t t i n g  E + -0 t o  ob ta in  an asymptotic 
so lu t ion  and a t  t h e  same t ime l e t t i n g  E '  +. 0 such t h a t ,  f o r  example, 
E ' / �  = O(1) as E -f 0. This procedure and i t s  motivat ion a r e  discussed 
and i l l u s t r a t e d  i n  t h e  fol lowing t reatment  of t h e  equations from 5 6.2. 
Consider f irst  equations (6.3)t o  (6.23) i n  which E i s  not y e t  
defined. Suppose we used t h e s e  equat ions as they  s t and  and l e t  E +. 0 
t o  obta in  an asymptotic s o l u t i o n  (i. e . ,  t h e  f i r s t  approach mentioned above).  
If we used e i t h e r  c o l l i s i o n  model I or c o l l i s i o n  model I I Ia  (with
-
and z2 found from eqs.  (6.15)t o  (6.19)) i n  equat ions (6.23,we would 
f ind  ( f o r  t h e  steady-flow shock-structure  problem of Chapter V I I )  t h a t  
t h e  f i r s t - o r d e r  term on t h e  r i g h t  s i d e  of each of equat ions (6.21a,b,c)  
would vanish i d e n t i c a l l y ;  and with t h e  r e s u l t i n g  set of equat ions,  i n  
t h e  l i m i t  as E +. 0 ,  it would not be poss ib l e  t o  ob ta in  v a r i a t i o n s  of 
t h e  flow v a r i a b l e s  wi th  t h e  independent v a r i a b l e  x because t h e r e  would 
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- -  
be  no way t o  determine a l eng th  s c a l e  i n  t h i s  formulat ion.  (Any s c a l e  
f a c t o r  on r; would cancel  o u t . )  The only p o s s i b l e  s o l u t i o n  t h a t  would 
satism both upstream and downstream boundary condi t ions  would be discon­
t inuous i n  x,  and a continuous shock-structure  s o l u t i o n  could not 
t h e r e f o r e  be obtained. 
On t h e  o the r  hand, t h e  l i m i t  E + 0 i n  equations (6.11)f o r  c o l l i s i o n  
model I1 would cause t h e  equations t o  degenerate t o  lower-order d i f f e r e n t i a l  
equat ions.  The f irst  approximation would then  correspond t o  loca l - t r ans l a ­
t iona l -equi l ibr ium flow (with a local-Maxwellian v e l o c i t y  d i s t r i b u t i o n )  , 
goverened by t h e  Euler  equations of i n v i s c i d  flow, as found i n  t h e  kapman-
Enskog procedure,  with only a discontinuous shock s o l u t i o n  poss ib l e  f o r  
c o l l i s i o n  model 11 ( a s  f o r  I and I I Ia ) .-
The nonuniform l i m i t s  descr ibed above can then  be prevented f o r  
c o l l i s i o n  models I1 and IIIa a s  fol lows:  
For c o l l i s i o n  model 11: A r b i t r a r i l y  d iv ide  t h e  l e f t  s i d e  of each of 
equations (6 .11a ,b ,c )  by E '  and r equ i r e  E ' / �  = 1 as  E +- 0.  (This 
s t e p  is  motivated also by t h e  f a c t  t h a t  t h e  l e f t - s i d e  and r igh t - s ide  terms 
of t h e  Boltzmann equation a re  of t h e  same order  very near and wi th in  a 
shock; c f .  Grad, 1960, p. 117.) By t h i s  procedure-we ob ta in  t h e  f i rs t -
order  equations as E + 0 with E ' / �  = 1: 
( 6.24a) 
- -
aa 2 3 1  + - - aEie aE1 ( 6 . 2 4 4as a w  ar; a w  - H le -a w  - H 1  aw 
4 1 
aplaE1 1 - (6.24d)a m  - 2w2 a w  
where, from equat ions (4.100)  ,(4.101),and t h e  expansions ( 6 . 5 )  , 
- -





( 6 . 2 6 ~ )  
-
where MI = E,(;) i s  given by (4.10%) with  subsc r ip t  1 on a l l  func t ions .  
For c o l l i s i o n  model IIIa: Divide t h e  l e f t  s i d e  of each of equations-
(6 .21a,b,c)  by E '  and a t  t h e  same time d iv ide  t h e  r i g h t  s i d e  of equation 
(6.19a) by E '  ( t o  prevent degeneracy of t h e  c o l l i s i o n  t e r m ) ;  then  
r equ i r e  E ' / &  = 1 as E -f 0. By t h i s  procedure t h e  f i r s t  order  equations 
as E -f 0 f o r  c o l l i s i o n  model I I Ia  are obtained:  
a 2G, 
-f - + 
where W '  = m;(z;,m) i s  given by (6 .15a) ,  Z, = y l ( C , m )  i s  given by 
(6.18a), i n  which A, from equations (6 .19 ) ,  becomes 
I 

(6 .28)  
and where (plll and (p4), are given by (6 .10) .  
For e i t h e r  c o l l i s i o n  model I1 or c o l l i s i o n  model IIIa,  t h e  systems 
of equations (6.24) or (6.27) are closed by 
where 
and where $, Y $12). and $l( 3 )  are t h e  f i r s t  terms i n  (6 .23 ) .  A l s o  
imposed are t h e  condi t ions from 'macroscopic conservation of m a s s  , momentum, 
and energy (from ( 6 . 2 2 ) ) :  
For a given problem i n  one-dimensional flow, t h e s e  equations would of course 
-+
have add i t iona l  i n i t i a l  and boundary condi t ions i n  t h e  5 domain, as w e l l  
as t h e  condi t ions a t  w = -1 ( c f .  § 4 . 4 ) :  
Recal l  t h a t  w E cos g ,  w '  cos q' , and t h a t  
5 ,  5 Xl/L and 5 ,  = u a t / L  
where (with E '  = E = 1) L = ua/Oa . I n  a given problem, H, and 0 
a 
would be s u i t a b l y  determined as discussed i n  8 8  4.1.2 and 4.3.3. For 
+ -f
example i f  equation (4.85a) i s  used, t hen  from (4.92a):  H1 = H 1 ( < )  = T,(<,l). 
Recal l  a l s o  now. t h a t  t h e  above procedure has  simply cons t i t u t ed  a formal 
means f o r  t runca t ing  t h e  equations t o  obta in  a nondegenerate f irst  approxi­
mation, and t h a t  a c t u a l l y  E '  = E = 1. J u s t  as t h e  i n i t i a l  in t roduct ion  
of t h e  a r b i t r a r y  length  L was  a convenient a r t i f i c e ,  so  a l s o  i s  t h e  
in t roduct ion  of E ' ,  t o  ob ta in  a f i r s t - o r d e r  system of equations t h a t  i s  
nondegenerate. W e  t a k e  f t  t o  be  s i g n i f i c a n t  t h a t  t h e  form of t h e  above 
f i r s t -o rde r  equat ions i s  very s i m i l a r  t o  t h e  o r i g i n a l  unexpanded equations 
i n  9 4.4.2. The expansion process and t h e  t runca t ion  scheme have s impl i f i ed  
t h e  f i r s t  term on t h e  r i g h t  s i d e  of  t h e  d i r e c t i o n a l  equations of change i n  
t h e  f i r s t  approximation and have provided a means f o r  obtaining h igher  
approximations. The u t i l i t y  of h igher  order  so lu t ions  by t h i s  scheme may 
be l imi t ed  i n  a manner s i m i l a r  t o  t h a t  i n  which t h e  Burnett  equat ions,  and 
h igher  order  equat ions,  a r e  l imi t ed  i n  t h e  Chapman-Enskog method (see 
Grad 1963, p. 149; or Vincenti  and Kruger 1965, pp. 416-418). However, 
i n  view of t h e  very recent  f ind ings  by Khosla (1967) t h a t  nonuniformities 
i n  t h e  Chapman-Enskog expansion a r e  a r t i f i c i a l ,  and are removable by use 
of L i g h t h i l l ' s  technique (1949, 1961) wi th  t h e  extension by Kuo (magnifica­
t i o n  of t h e  independent va r i ab le ;  see  Tsien 1 9 5 6 ) , t h e  present  higher-
order  so lu t ions  may be expected t o  be v a l i d  ( s e e  f u r t h e r  discussion below). 
Although t h i s  method i s  c e r t a i n l y  not equivalent  t o  t h e  Chapman-
Enskog procedure, t h e r e  are s imilar i t ies  t h a t  can a i d  understanding of 
some aspec ts  of t h i s  method with s u f f i c i e n t  p r i o r  understanding of t h e  
Chapman-Enskog procedure.  (Subs tan t i a l  understanding of t h e  Chapman-
Enskog procedure can be gleaned from t h e  discussions by Chapman and 
Cowling, 1961; Grad, 1958, 1963; or Vincent i  and Kruger, 1965; on t h e  
respec t ive  pages of those  works r e f e r r e d  t o  ear l ie r  i n  t h i s  sec t ion . )  
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Conversely, because of s i m i l a r i t i e s ,  understanding of t h e  present  method 
m a y  a l s o  con t r ibu te  t o  understanding some aspec ts  of t h e  Chapman-Enskog 
procedure. The most s t r i k i n g  s i m i l a r i t y  between t h e  present  method and 
t h e  Chapman-Enskog procedure i s  t h e  occurrence of success ive ly  higher  
de r iva t ives  i n  t h e  h igher  approximations,  which a r e  seen t o  occur he re  
d i r e c t l y  by in t roduc t ion  of t h e  Lagrange-expansion pe r tu rba t ion  scheme , 
developed i n  Chapter V above, i n t o  t h e  formulation of t h e  equations of t h e  
directional-mean-free-path method. (However, Khosla, 1967, f i n d s  t h a t  use  
of t h e  PLK method e l imina tes  t h e  higher  de r iva t ives  i n  t h e  Chapman-Enskog 
expansion. S imi l a r ly ,  i n  t h e  higher  order  terms i n  t h e  present  method, 
t h e  higher  de r iva t ives  a r e  only those  of previously-determined lower-order­
approximatiun func t ions ;  s o  t h e r e  i s  no increased number of boundary 
condi t ions requi red .  ) 
The f i r s t  approximation i n  t h e  Chapman-Enskog procedure ( r e s u l t i n g  
i n  t h e  Euler equat ions of i n v i s c i d  flow) would correspond t o  t h e  method 
descr ibed here  i n  t h e  f i r s t  approximation if we d id  not  introduce E '  = E 
i n t o  t h e  equat ions,  as descr ibed  above. The second approximation i n  t h e  
Chapman-Enskog procedure ( f i r s t  translational-nonequilibrium cor rec t ion  
t o  t h e  l o c a l  Maxwellian d i s t r i b u t i o n  func t ion ,  or t o  t h e  Euler equat ions)  
y i e l d s  t h e  Mavier-Stokes equat ions .  The mathematical mechanism by which 
t h e  higher  order  approximations i n  t h e  Chapman-Enskog method e l imina te  t h e  
degeneracy, and hence t h e  discontinuous so lu t ions  of t h e  f i r s t  (Eu le r )  
approximation, i s  descr ibed by Grad (1960),p .  119. 
I n  t h e  present  procedure,  t h e  use of t h e  t runca t ion  scheme with 
E '  = E gives  a nondegenerate s o l u t i o n  i n  t h e  f i r s t  approximation, and 
s o  i s  fundamentally d i f f e r e n t  from t h e  Chapman-Enskog procedure i n  t h a t  
respec t .  The f irst  nonequilibrium approximation here  i s  not a co r rec t ion  
t o  l o c a l  t r a n s l a t i o n a l  equi l ibr ium. It i s  suggested t h e r e f o r e  t h a t  it 
may be  capable of descr ib ing  t h e  flow approximately, bu t  r e a l i s t i c a l l y ,  
f o r  a r b i t r a r i l y  l a r g e  devia t ions  from l o c a l  t r a n s l a t i o n a l  equi l ibr ium, 




AN ILLUSTRATION : 
PROBLEM OF SHOCK-WAVE STRUCTURE 
7 .1  Introductory Remarks 
A s  an i l l u s t r a t i o n  of t h e  method developed above, consider t h e  
equations i n  § 6 . 3 ,  f o r  t h e  f irst  approximation i n  t h e  directional-mean­
free-path method, app l i ed  t o  one-dimensional s teady flow through a normal 
shock wave i n  a p e r f e c t  ( s u f f i c i e n t l y  raref ied)  gas composed of n e u t r a l  
spherically-symmetric monatomic molecules. 
Since t h i s  chapter  i s  not intended as a thorough s tudy of t h e  shock-
s t r u c t u r e  problem, b u t  only as an i l l u s t r a t i o n  of t h e  method, t h e  reader  
i s  r e f e r r e d  t o  works such as: L i g h t h i l l  (19561, Hayes (19601, Vincenti  
and Kruger (1965) ,Sherman and Talbot (1960),and Talbot (1962) f o r  
comprehensive t reatments  and f u r t h e r  r e fe rences  on shock-wave s t r u c t u r e .  
The condi t ions a t  upstream i n f i n i t y  (x l  = -a) are denoted by sub­
s c r i p t  a ,  t hose  a t  downstream i n f i n i t y  ( x l  = +a) by s u b s c r i p t  6. 
Since there i s  only one component of p a r t i c u l a r  i n t e r e s t  i n  one-dimensional 
s teady flow, we  drop t h e  s u b s c r i p t  1 corresponding t o  t h e  d i r e c t i o n  x1 
and denote t h e  dimensionless coordinate  C l  (wi th  E = 1) as 
where u i s  t h e  macroscopic average v e l o c i t y  i n  t h e  +x d i r e c t i o n ,  and 
Oa i s  t h e  upstream c o l l i s i o n  frequency, which could be  represented,  for 
example, by equat ion (2.20b) w i t h  (2 .23d) .  Thus 
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f o r  use i n  equation (7:l) i f  des i r ed ,  where m i s  the  m a s s  of a molecule, 
u i s  an " e f f e c t i v e  molecular diameter" ( s e e  § 2.2.2 above),  y (=5/3)  
- i s  t h e  r a t i o  of s p e c i f i c  h e a t s ,  and M i s  t h e  upstream Mach number. a 
It i s  a l s o  convenient,  f o r  comparison wi th  o t h e r  r e s u l t s ,  t o  f i n d  t h e  
r e s u l t s  simply i n  terms of x/Xa ( e . g . ,  s e e  Vincent i  and Kruger, 1965 ,  
sec.  X-9) .  Thus from (2.21)  and (2.23d):  
where y = 5/3, so  t h a t  (7.1) may be w r i t t e n  
( 7 . 3 )  
where X i s  t h e  upstream mean f r e e  pa th  r e l a t i v e  t o  t h e  mean m a s s  motion 
a 
( c f .  Chap. 11). 
I n  t h e  following s e c t i o n s  of t h i s  chap te r ,  use  i s  made of equation 
(4 .8%) ,  wi th  (4.92a)  and ( 6 . 5 ) ,  t o  represent  t h e  func t ion  H1 as 
where 
and where rl i s  a s p e c i f i e d  temperature-dependent v i s c o s i t y  c o e f f i c i e n t .  
It i s  a l so  convenient t o  def ine  
where 5" i s  some va lue  of 5 ,  t o  be def ined l a t e r .  Di rec t iona l -
average c o l l i s i o n  models I1 and I I Ia  a r e  considered,  and a numerical 
s o l u t i o n  scheme i s  o u t l i n e d  f o r  c o l l i s i o n  model 11. 
-- 
7.2 Equations and Boundary Conditions 
For s i m p l i c i t y ,  i n  t h e  following w e  denote p a r t i a l  de r iva t ives  wi th  
respec t  t o  w by subsc r ip t  W. Since HI, as represented  by equations 
( 7 . 4 ) ,  does not depend on W, equations (6.24)  for c o l l i s i o n  model I1 
are w r i t t e n  f o r  s teady flow as: 
- -
where 
leu 9 J l e w  
, and E 
iew 
a r e  given by equat ions (6.26)  wi th  (6 .25) .  
Note now t h a t  equations (7 .5a ,b ,c )  a r e  d i r e c t l y  i n t e g r a b l e  t o  obta in  
e -
where -P l e  3 J l e  ’ and E l e  are given by equations (4.102) with p/p, -
replaced by H1 and subsc r ip t  1 on E and ( c f .  eq.  ( 6 . 2 6 ) ) .  






= ( 5  , w )  i s  given by (6.15a) and Z1 = Z1 ( 5  ,w ) i s  given by 
(6.18a), where A1 i s  given by (6.28)  (which i s  considerably s impl i f i ed  
by condi t ions given below). 
With equation ( 7 . 4 ) ,  e i t h e r  equations (7.5a) t o  (7 .5d)  o r  equations 
(7 .6)  provide four  d i f f e r e n t i a l  equations f o r  t h e  f i v e  unknown funct ions 
- - - -
of 5 and w : p 1  , J, , P1 , El , and Gl . The needed f i f t h  equation 
( t h e  "closure equation") i s  provided by equations (6.29) , obtained from 
equations (4.70) (which represent  ( 4 . 6 9 ) ) ,  i n  t h e  form: 
where 
A s u f f i c i e n t  number of boundary condi t ions on t h e  dependent va r i ab le s  
i n  w and 5 must be  provided. 
- _- - - -
A t  w = -1 ( a l l  c ) ,  t h e  func t ions  p 1  , J, , P1 , E1 , and Q1 
vanish i d e n t i c a l l y  (eqs .  ( 6 . 3 1 ) ) .  
A t  w = +1 ( a l l  c ) ~equat ions ( 6 . 3 0 ) ~with use of equations (4.92) 
and (4 .60) ,  g ive ,  i n  t h e  f irst  approximation 
- - -  
.. . .- ..._.. 
2&1(5,1) = ( 2 / p  	u3)[pu(h  + 3u2)  + q - UT] = constant
ao! 
(7 .8c)  
= 2q1(-m,1) = 1+3/M:  
Note t h a t  t h e  usua l  forms of t h e  exact one-dimensional steady-flow conserva­
t i o n  equations are contained i n  equations (7 .8a ,bYc)  and t h a t  t h e i r  
evaluat ion at x = fm , where q and T vanish,  gives t h e  well-known 
Rankine-Hugoniot equat ions:  
I (7 .9)  
For t h e  p e r f e c t  monatomic gas ,  with s p e c i f i c  hea t  r a t i o  of 5/3,  one can 
obta in  from equations ( 7 . 9 )  ( s e e ,  e .g . ,  Liepmann and Roshko, 1957, pp. 56­
59) :  
3+M2
M2 = a 
B 5 M 2 - 1  
a 
A t  iz, = fm ( a l l  w)-, equations (4.102) give t h e  condi t ions on 
- - ­
p ,  J,  P, E ,  and Q i n  terms of p/pa  M y  and W = %I , where, 
148 

- -  
at < = -m : M = M ,  
P I P ,  = 1 
(7 .11)  
at < = + m  : M = MB Y given by (7.10a) 
P/P, = P@/P,  , given by (7.10b) 1
With condi t ions (7.8a) and equation (7.4b)  we  now no te  t h e  s impl i f i ed  
r e s u l t s  from (4.105b) and (6.28):  
and 
f o r  use, r e s p e c t i v e l y ,  i n  (7.5)and ( 7 . 6 ) .  Equations ( 4 . 1 0 2 )  and (7.11)  
are used i n  t h e  f i r s t  approximation simply by p u t t i n g  subsc r ip t  1 on 
-
H ,  M ,  and u ( c f .  eqs .  (6 .25)  and ( 6 . 2 6 ) ) .  





we can regard  t h e  set  of t e n  equations including:  (7 .14ayb) ,  (7.5a) t o  
(7 .5g ) ,  and (7.7a),  as a complete se t  t o  determine t h e  t e n  dependent 
va r i ab le s  : 
-
as func t ions  of 5 and w (with T ( < ) ,  HI(<), and zl(<)given by 
(7.4b)  and ( 7 . 1 2 ) ) .  (To avoid,  as much as p o s s i b l e ,  numerical i n t eg ra t ions  
over w except f o r  equat ions ( 7 . 1 4 ) ,  a l l  of equations (7 .5)  can be t reated 
as independent.)  For each va lue  of w, equztions (7 .5 )  can, i n  f a c t ,  
then be regarded as a se t  of seven ordinary d i f f e r e n t i a l  equations i n  t h e  
5 d i r e c t i o n ,  with w as a parameter,  and wi th  t h e  needed values of t h e  
- -
t h r e e  q u a n t i t i e s  T,,,,(<,w) , pl(< g )  , and E1(<,w) a t  each s t e p  i n  
ca l cu la t ed  r e spec t ive ly  from ( 7 . 7 ) ,  (7.14a),  and (7.14b) f o r  each w. 
Thus, t h e  following numerical so lu t ion  procedure can be used: 
( a )  F i r s t ,  f o r  a l a r g e  number of values  of b y  compute and s t o r e ,  
versus b : + ( 2 ) ,  and JI from equations (4 .69)  through (4 .78) .  
The computer program can be  designed t o  i n t e r p o l a t e  between values i n  t h i s  
table  t o  obta in  a value of I4( 2 )  corresponding t o  any spec i f i ed  value of 
i n  t h e  range ca l cu la t ed .  This provides t h e  func t iona l  r e l a t i o n s h i p  
(4 .70a) .  
( b )  Define 5 = 0 as t h e  loca t ion  where p = ( 1 / 2 ) ( p a  + p B ) .  The 
numerical i n t e g r a t i o n  can be s t a r t e d  at a l o c a t i o n  i n  where t h e  s t a t e  
of t h e  gas i s  very nea r ly  t ha t  a t  e i t h e r  upstream i n f i n i t y  ( 5  = -m) o r  
downstream i n f i n i t y  ( <  = +).  The choice appears a r b i t r a r y ,  However, 
it has prev ious ly  been found i n  t h e  Navier-Stokes so lu t ion  of shock 
s t r u c t u r e  t h a t  it i s  easier t o  i n t e g r a t e  from t h e  downstream s ta te  t o  t h e  
upstream s t a t e  r a t h e r  than  v i ce  ve r sa  (Gilbarg and Paolucci ,  1953) ,  
because of a saddle  poin t  i n  t h e  temperature-velocity phase plane.  
Therefore t h e  i n t e g r a t i o n  i n  t h e  present  approach w i l l  be s t a r t e d  at  
5 = 5" where t h e  s t a t e  of t h e  gas has a s p e c i f i e d  a r b i t r a r y  s m a l l  devia­
t i o n  from t h e  downstream state.  It i s  presumed t h a t  t h e  values of t h e  t e n  
dependent va r i ab le s  i n  (7.15) can be approximately determined f o r  a l l  w 
. . -. ,. 
- -  
- -  
from -1 t o  1 at  5 = 5* from t h e  known condi t ions at downstream 
i n f i n i t y  ( s e e  5 7.3.2 below). The .values of El and El a r e  then  a l s o  
known from (7.4b) and (7 .12 ) ,  and t h e  local-equi l ibr ium values  of a l l  t h e  
dependent va r i ab le s  can b e  computed, f o r  subsequent use i n  equations ( 7 . 5 ) .  
Then it i s  convenient t o  def ine  t h e  new independent v a r i a b l e  
so  t h a t  ( c f .  eq. ( 7 . 4 ~ ) ) :  
- - . 
5 = 5 = 0  a t  < = < *  ( s t a r t i n g  poin t  f o r  
in t  eg ra t  i on )  
and 
and t h e  i n t e g r a t i o n  proceeds upstream with increas ing  p o s i t i v e  values of 
-
(as 5 decreases from <*). 
( c )  Divide t h e  range -1 < w < 1 i n t o  an odd number, R ,  of 
i n t e r v a l s  ( A w  = 2/R) ,  such tha t  
w3 = -1 + j A U  = -1 + 2 j / ~, j = 0, 1, 2 ,  ... , R (7.18) 
Calculat ions a r e  t o  be made at each w3 '  and t h e  s p e c i f i c a t i o n  of R as 
an odd number insures  
(where t h e r e  would be 
by ze ro ) .  
( d )  S t a r t i n g  at 
-(7 .15) ,  increase  5 
i n  (7.18).  c a l c u l a t e  
t h a t  no ca l cu la t ions  a r e  made a t  exac t ly  w = 0 
numerical d i f f i c u l t i e s  introduced by d iv id ing  zero 
-
5 = 0 with t h e  known values of t h e  va r i ab le s  i n  
by AT . A t  sl = 0 + AT , and a t  each of t h e  w 





(7 .5)  and from values  a t  5 = 0, using a s tandard  technique for ordinary-
d i f f e r e n t i a l  equat ions.  With each value of Plw ca lcu la t ed ,  eva lua te- - - -
Elw from (7 .5d) .  Also,  with known J,,, Plw , and Q1, a t  each w , 
c a l c u l a t e  + l  from (7.7b), t hen  f i n d  t h e  corresponding +l( 2 )  from t h e  
previously- computed relat  ionship  between !41 and q1( 2 )  ( c f .  eq. (7.7a) 
and s t e p  ( a )  above) ,  and determine Flu from t h e  d e f i n i t i o n  i n  (7 .7a) .-
Fina l ly ,  determine pl and El  a t  each w by t h e  in t eg ra t ions  ind ica ted  -
i n  ( 7 . 1 4 ) .  Then, again,  H, and M1 are known from (7 .4b)  and ( 7 . 1 2 ) ,  
and t h e  local-equi l ibr ium values of a l l  dependent va r i ab le s  a r e  computed 
for subsequent use i n  equations ( 7 . 5 ) .  
( e )  A t  each r, and a t  o = 1, evalua te  a l l  flow q u a n t i t i e s  of  
i n t e r e s t  ( t o  f irst  o rde r )  from equations (4 .93) .  Evaluate 5 using 
(7 .17a ,b) .  
-
( f )  Increase  5 again by a s m a l l  increment,  and repeat  the procedure. 
Continue t h e  i n t e g r a t i o n  u n t i l  a l l  t h e  q u a n t i t i e s  no longer  vary with 
-
increas ing  5 , so  t h a t  t h e  upstream equi l ibr ium s t a t e  has been reached. 
- 1
( g )  Where p1(5,1)  = 5 (1+ p /P
B a  
) ,  evalua te  5" (eq .  ( 7 . 1 7 ~ ) ) ~  
I 
s o  t h a t  5 i s  known versus 5 from (7.16)and x / h a  i s  known from 
(7 .3 ) .  
-
The values of t h e  dependent var iab les  a t  each w a t  5 = 0,  f o r  
s t a r t i n g  t h e  numerical i n t eg ra t ions  , can be  evaluated from in t eg ra t ions  of 
t h e  Chapman-Enskog d i s t r i b u t i o n  func t ion  f o r  a very s m a l l  deviat ion from 
t h e  downstream s ta te .  This procedure i s  simple and s t r a i g h t  forward, 
e i t h e r  i n  terms of t h e  BGK model or f o r  Maxwell molecules, i n  combination 
with t h e  method of Gilbarg and Paolucci (1953) f o r  eva lua t ing  flow 
va r i ab le s  near  t h e  downstream s t a t e .  It i s  hoped i n  t h e  f u t u r e  t o  ob ta in  
numerical r e s u l t s  f o r  t h e  shock-structure  problem by t h e  procedure ou t l ined  
above . 
CHAPTER V I 1 1  
CONCLUDING REMARKS 
The most important results of t h i s  s tudy are considered t o  be: 
(a )  t h e  development of  concepts and equations f o r  t h e  d i r e c t i o n a l  level  
of desc r ip t ion ;  (b) t h e  in t roduc t ion  of t h e  directional-mean-free-path 
approximation f o r  t h e  c o l l i s i o n  i n t e g r a l s  i n  t h e  d i r e c t i o n a l  equations of 
change; ( c )  t h e  development of new forms of vec to r  (h ighe r  dimensional) 
gene ra l i za t ions  of  Lagrange's expansion, and a perturbation-expansion 
scheme based on t h o s e  g e n e r a l i z a t i o n s ;  and ( d )  t h e  o u t l i n i n g  of  t h e  
c a l c u l a t i o n  procedure f o r  shock-wave s t r u c t u r e  according t o  t h e  direc­
tional-me an- f r ee-p a t h  method . 
After  s u c c e s s f u l  performance of t h e  numerical c a l c u l a t i o n s  o u t l i n e d  
. .  
i n  Chapter V I 1  f o r  shock-wave s t r u c t u r e ,  it may be  d e s i r a b l e  i n  t h e  f u t u r e  
t o  extend t h i s  s tudy  i n  t h e  following s e v e r a l  d i r e c t i o n s :  
( a )  i n c l u s i o n  of  t h e  e f f e c t s  of boundaries,  i n  some approximate 
manner, i n  t h e  formulation of t h e  gene ra l  method; 
( b )  i nc lus ion  of  body forces  i n  t h e  equat ions;  
( c )  c a l c u l a t i o n  of higher  o rde r  s o l u t i o n s  i n  t h e  shock-structure 
problem; 
( d )  attempt t o  so lve  t h e  shock-structure problem w i t h  c o l l i s i o n -
model 111; 
( e )  p o s s i b l e  extension of t h e  concepts i n  an approximate manner 
t o  polyat  omic gases ; and 
( f )  p o s s i b l e  extension of  t h e  concepts t o  gas mixtures.  
The f irst  extension suggested,  ( a ) ,  probably w i l l  b e  t h e  most important 
next s t e p  i n  f u r t h e r  development of  t h e  directional-mean-free-path method. 
Future a p p l i c a t i o n  of t h e  method t o  any problem wi th  boundaries ,  however 
simple,  w i l l  depend on i n c l u s i o n  of t h e  e f f e c t s  of boundaries i n  t h e  
formulation of t h e  directional-mean-free-path approximation. The main 
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value of t h e  directional-mean-free-path method would the re fo re  be r e a l i z e d  
only a f t e r  such an extension of t h e  theory  has been made s o  t h a t  it can 
be appl ied  t o  problems t h a t  may not be t r a c t a b l e  by k i n e t i c  theory methods. 
\ 
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